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Goals for today:
• Build a language and intuition for what thermalization is in 

isolated quantum systems and how it can be studied
• Connect different ideas to stimulate discussions

Not Goals for today:
• Proving statements – some statements will be ~hand-wavy~
• Try to build quantum chaos from classical chaos



Today’s plan:

1) What is thermalization?

2) Thermalization as a dynamical process in isolated quantum systems

3) Connections between thermalization and random matrix theory

4) Thermalization Landscape: 

Different flavors = different non-equilibrium phases

MBL Time Crystal and Prethermal Time Crystals



What is thermalization?

The process under which a system approaches an equilibrium steady state  



What is an equilibrium steady state?
A state that remains unchanged by the dynamics of the system 

characterized by a few macroscopic quantities

But under this definition, do systems thermalize?



<latexit sha1_base64="jdmlhgtQw+l0eufnJLytkal4Rwo=">AAACKXicbVDLSsNAFJ34rPUVdelmsAgVoSQi1Y1QdNNlBfuAppTJdNoOnSTDzI0QQj/C7/AD3OonuFO3LvwNJ20XtvXAhcM593K4x5eCa3CcT2tldW19YzO3ld/e2d3btw8OGzqKFWV1GolItXyimeAhqwMHwVpSMRL4gjX90V3mNx+Z0jwKHyCRrBOQQcj7nBIwUtc+59iTRAEnogvYGzFIPal5Ec7G+AZX54SuXXBKzgR4mbgzUkAz1Lr2j9eLaBywEKggWrddR0InzeKoYOO8F2smCR2RAWsbGpKA6U46eWqMT43Sw/1ImQkBT9S/FykJtE4C32wGBIZ60cvEfz05TDSneiEe+tedlIcyBhbSaXo/FhginNWGe1wxCiIxhFDFzQOYDokiFEy5edOMu9jDMmlclNxyqXx/WajczjrKoWN0gorIRVeogqqohuqIoif0gl7Rm/VsvVsf1td0dcWa3RyhOVjfv/DGpvA=</latexit>

iωt |ε(t)→ = H |ε(t)→

But under this definition, do systems thermalize?
Quantum SystemClassical System

<latexit sha1_base64="DbURTGXDUhrRSiXPtCjTL3enAhA="></latexit>
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Yes, but need to focus on the right thing!

Global properties behave differently



Need some form of averaging
Classical 
Trajectory

Equilibrium
ensemble in time

Initial distribution 
in phase space

Coarse grained 
observable

Chaos and ergodicity lead to thermalization in classical systems 



Quantum changes the rules of the game

Unfortunately: Classical trajectory   !=   quantum state dynamics

Non-linear 
dynamics

Simple linear 
evolution

(no chaos)

Fortunately: Entanglement = new approach to “average”



Seeing the equilibrium state in a different way

<latexit sha1_base64="L/v0Ir4Q/tADHHdEsnxgoBSLJDg="></latexit>
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<latexit sha1_base64="a05SuFbVMNvMtLKGnUjdMEXgBN8=">AAAB/nicdVDLSsNAFJ34rPVVdelmsAiuQhJtWndVNy6r2Ae0oUymk3boZBJmJkIIBT/ArX6CO3Hrr/gF/oaTtoIWPXDhcM693HuPHzMqlWV9GEvLK6tr64WN4ubW9s5uaW+/JaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/fJX77XsiJI34nUpj4oVoyGlAMVJaur0o9ktly6xVHPvUhpZpn1cd19LEcdxKpQZt05qiDOZo9EufvUGEk5BwhRmSsmtbsfIyJBTFjEyKvUSSGOExGpKuphyFRHrZ9NIJPNbKAAaR0MUVnKo/JzIUSpmGvu4MkRrJRS8X//TiUSoplgvrVVDzMsrjRBGOZ9uDhEEVwTwLOKCCYMVSTRAWVD8A8QgJhJVOLE/m+334P2k5pu2a7s1ZuX45z6gADsEROAE2qII6uAYN0AQYBOARPIFn48F4MV6Nt1nrkjGfOQC/YLx/ATfwliU=</latexit>

A

<latexit sha1_base64="Wfn0QA5VT2SDmTfYAHaXmeFh9jM="></latexit>
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<latexit sha1_base64="lADLphdmWI/1vBfRNDPUX5crUcg="></latexit>
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<latexit sha1_base64="Wfn0QA5VT2SDmTfYAHaXmeFh9jM="></latexit>
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Thermalization:

<latexit sha1_base64="XYVT5f3MuwhuT59QPQTR89eTl7M="></latexit>
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]
<latexit sha1_base64="y7ibZgR7KQ22TrkENV/3qTm6i/Y=">AAACEXicbVDLSsNAFL2pr1pf0S7dDBbBVUlEqstWN+6sYB/QlDCZTtuhk0mYmQgh9Cv8ALf6Ce7ErV/gF/gbTtsstPXAhcM593LvPUHMmdKO82UV1tY3NreK26Wd3b39A/vwqK2iRBLaIhGPZDfAinImaEszzWk3lhSHAaedYHIz8zuPVCoWiQedxrQf4pFgQ0awNpJvl71hJDHnfnbnN5DHBGpMfbviVJ050Cpxc1KBHE3f/vYGEUlCKjThWKme68S6n2GpGeF0WvISRWNMJnhEe4YKHFLVz+bHT9GpUQbIXGFKaDRXf09kOFQqDQPTGWI9VsveTPzXi8epYkQtrdfDq37GRJxoKshi+zDhSEdoFg8aMEmJ5qkhmEhmHkBkjCUm2oRYMsm4yzmskvZ51a1Va/cXlfp1nlERjuEEzsCFS6jDLTShBQRSeIYXeLWerDfr3fpYtBasfKYMf2B9/gBur51C</latexit>

→OA→A



Thermalization as a dynamical process (in isolated quantum systems)

<latexit sha1_base64="jdmlhgtQw+l0eufnJLytkal4Rwo=">AAACKXicbVDLSsNAFJ34rPUVdelmsAgVoSQi1Y1QdNNlBfuAppTJdNoOnSTDzI0QQj/C7/AD3OonuFO3LvwNJ20XtvXAhcM593K4x5eCa3CcT2tldW19YzO3ld/e2d3btw8OGzqKFWV1GolItXyimeAhqwMHwVpSMRL4gjX90V3mNx+Z0jwKHyCRrBOQQcj7nBIwUtc+59iTRAEnogvYGzFIPal5Ec7G+AZX54SuXXBKzgR4mbgzUkAz1Lr2j9eLaBywEKggWrddR0InzeKoYOO8F2smCR2RAWsbGpKA6U46eWqMT43Sw/1ImQkBT9S/FykJtE4C32wGBIZ60cvEfz05TDSneiEe+tedlIcyBhbSaXo/FhginNWGe1wxCiIxhFDFzQOYDokiFEy5edOMu9jDMmlclNxyqXx/WajczjrKoWN0gorIRVeogqqohuqIoif0gl7Rm/VsvVsf1td0dcWa3RyhOVjfv/DGpvA=</latexit>

iωt |ε(t)→ = H |ε(t)→

<latexit sha1_base64="1puDLjQ076vxbRHKqC9a+Czz07c=">AAACIXicbVDLSsNAFJ3UV62vqks3g0VwVRKR6kYounFZwT6gCWEynbRDJ5NhZiKEkA/wO/wAt/oJ7sSd+AH+htM0C209cOFwzrlc7gkEo0rb9qdVWVldW9+obta2tnd29+r7Bz0VJxKTLo5ZLAcBUoRRTrqaakYGQhIUBYz0g+nNzO8/EKlozO91KogXoTGnIcVIG8mvN9wp0ZkrFPXtHF5BVyWRn/EcYp/DwuO5SdlNuwBcJk5JGqBEx69/u6MYJxHhGjOk1NCxhfYyJDXFjOQ1N1FEIDxFYzI0lKOIKC8rnsnhiVFGMIylGa5hof7eyFCkVBoFJhkhPVGL3kz81xOTVFGsFs7r8NLLKBeJJhzPr4cJgzqGs7rgiEqCNUsNQVhS8wDEEyQR1qbUmmnGWexhmfTOmk6r2bo7b7Svy46q4Agcg1PggAvQBregA7oAg0fwDF7Aq/VkvVnv1sc8WrHKnUPwB9bXD5QhpEQ=</latexit>

|ω0→ =
∑

n

cn |n→Initial state:
<latexit sha1_base64="AiRSkkaeiNQ3MsGpC0FohEzxQPg=">AAACFHicbVDLSsNAFJ34rPUVFdy4GSyCq5KIVDdCUYQuK9gHtCFMpjft0MkkzEyEEvsbfoBb/QR34ta9X+BvOG2z0NYDF86ccy937gkSzpR2nC9raXlldW29sFHc3Nre2bX39psqTiWFBo15LNsBUcCZgIZmmkM7kUCigEMrGN5M/NYDSMVica9HCXgR6QsWMkq0kXz7sNYdgs7EGF/hW1/g/OXbJafsTIEXiZuTEspR9+3vbi+maQRCU06U6rhOor2MSM0oh3GxmypICB2SPnQMFSQC5WXT/4/xiVF6OIylKaHxVP09kZFIqVEUmM6I6IGa9ybiv14yGClG1dx6HV56GRNJqkHQ2fYw5VjHeJIQ7jEJVPORIYRKZg7AdEAkodrkWDTJuPM5LJLmWdmtlCt356XqdZ5RAR2hY3SKXHSBqqiG6qiBKHpEz+gFvVpP1pv1bn3MWpesfOYA/YH1+QPP6Z6N</latexit>

H |n→ = En |n→
<latexit sha1_base64="1puDLjQ076vxbRHKqC9a+Czz07c=">AAACIXicbVDLSsNAFJ3UV62vqks3g0VwVRKR6kYounFZwT6gCWEynbRDJ5NhZiKEkA/wO/wAt/oJ7sSd+AH+htM0C209cOFwzrlc7gkEo0rb9qdVWVldW9+obta2tnd29+r7Bz0VJxKTLo5ZLAcBUoRRTrqaakYGQhIUBYz0g+nNzO8/EKlozO91KogXoTGnIcVIG8mvN9wp0ZkrFPXtHF5BVyWRn/EcYp/DwuO5SdlNuwBcJk5JGqBEx69/u6MYJxHhGjOk1NCxhfYyJDXFjOQ1N1FEIDxFYzI0lKOIKC8rnsnhiVFGMIylGa5hof7eyFCkVBoFJhkhPVGL3kz81xOTVFGsFs7r8NLLKBeJJhzPr4cJgzqGs7rgiEqCNUsNQVhS8wDEEyQR1qbUmmnGWexhmfTOmk6r2bo7b7Svy46q4Agcg1PggAvQBregA7oAg0fwDF7Aq/VkvVnv1sc8WrHKnUPwB9bXD5QhpEQ=</latexit>

|ω0→ =
∑

n

cn |n→

Evolving under:

<latexit sha1_base64="QfIaN/xazWwZdGdAIDLsgrnaEmM="></latexit>
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<latexit sha1_base64="ojX+lQQDTbLg7VtErcufCA5EtLQ="></latexit>
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<latexit sha1_base64="a05SuFbVMNvMtLKGnUjdMEXgBN8=">AAAB/nicdVDLSsNAFJ34rPVVdelmsAiuQhJtWndVNy6r2Ae0oUymk3boZBJmJkIIBT/ArX6CO3Hrr/gF/oaTtoIWPXDhcM693HuPHzMqlWV9GEvLK6tr64WN4ubW9s5uaW+/JaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/fJX77XsiJI34nUpj4oVoyGlAMVJaur0o9ktly6xVHPvUhpZpn1cd19LEcdxKpQZt05qiDOZo9EufvUGEk5BwhRmSsmtbsfIyJBTFjEyKvUSSGOExGpKuphyFRHrZ9NIJPNbKAAaR0MUVnKo/JzIUSpmGvu4MkRrJRS8X//TiUSoplgvrVVDzMsrjRBGOZ9uDhEEVwTwLOKCCYMVSTRAWVD8A8QgJhJVOLE/m+334P2k5pu2a7s1ZuX45z6gADsEROAE2qII6uAYN0AQYBOARPIFn48F4MV6Nt1nrkjGfOQC/YLx/ATfwliU=</latexit>

A

<latexit sha1_base64="Wfn0QA5VT2SDmTfYAHaXmeFh9jM="></latexit>
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<latexit sha1_base64="HfLBPR+sK8czeCFLmdtIG8rw0T8="></latexit>

→ω(t)|OA |ω(t)↑ =
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n
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Thermalization of local observables

Constant term that depends on overlaps with 
eigenstates and diagonal matrix elements

Summ of exponentially many oscillating 
terms each with its own frequency

<latexit sha1_base64="ByST7MSaw44NMAAbw/HtwwKiCwk="></latexit>

→ω(t)|OA |ω(t)↑ ↓
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n

|cn|2Onn



Thermalization of local observables

<latexit sha1_base64="ByST7MSaw44NMAAbw/HtwwKiCwk="></latexit>

→ω(t)|OA |ω(t)↑ ↓
∑

n

|cn|2Onn

Necessary ingredients:
   -   Fluctuations must be small
 Large number of terms (thermodynamic limit)
 Frequencies are different

   -   Constant term must match thermal value

These features are encoded in the Eigenstate Thermalization Hypothesis



Eigenstate Thermalization Hypothesis (ETH)

<latexit sha1_base64="zUIz3BjGiUIAtUHqaU2OAvbYiTg="></latexit>

Omn = O(Ē)ωmn + e
→S(Ē)/2

fO(Ē,ε)Rmn

Posits that:
 thermalization occurs because each eigenstate 

is a good micro-canonical ensemble

Fluctuations are 
suppressed by the 

entropy S

Random variables

Smooth function

Equilibrium values

<latexit sha1_base64="gkqFXykOJwTb25QZEu+VH+7Oh00=">AAACE3icbVDLSgMxFM34rPU1Kq7cBItQEepMkepGKErBZQX7gHYYMmmmDU0yQ5IRytDP8APc6ie4E7d+gF/gb5i2s9DWAxcO59zLvfcEMaNKO86XtbS8srq2ntvIb25t7+zae/tNFSUSkwaOWCTbAVKEUUEammpG2rEkiAeMtILh7cRvPRKpaCQe9CgmHkd9QUOKkTaSbx92AyTT2hhew2LNF2c1n5+el3274JScKeAicTNSABnqvv3d7UU44URozJBSHdeJtZciqSlmZJzvJorECA9Rn3QMFYgT5aXT88fwxCg9GEbSlNBwqv6eSBFXasQD08mRHqh5byL+68WDkaJYza3X4ZWXUhEnmgg82x4mDOoITgKCPSoJ1mxkCMKSmgcgHiCJsDYx5k0y7nwOi6RZLrmVUuX+olC9yTLKgSNwDIrABZegCu5AHTQABil4Bi/g1Xqy3qx362PWumRlMwfgD6zPH97KnMs=</latexit>

Ē = (En + Em)/2
<latexit sha1_base64="A9xiu8Q6CtUK9bqZTBXKfTaHNkE=">AAACEHicbVDLSgMxFM3UV62vsYIbN8EiuLHMuKhuhFIRXLZgH9AOJZNm2tAkMyQZcRj6E36AW924dyeCK//AjVt/w/Sx0NYD93I4515ucvyIUaUd59PKLC2vrK5l13Mbm1vbO/ZuvqHCWGJSxyELZctHijAqSF1TzUgrkgRxn5GmP7wc+81bIhUNxY1OIuJx1Bc0oBhpI3XtfCfkpI/gBbzqCnhiOu/aBafoTAAXiTsjhfJ+7Ys+V96rXfu70wtxzInQmCGl2q4TaS9FUlPMyCjXiRWJEB6iPmkbKhAnyksnbx/BI6P0YBBKU0LDifp7I0VcqYT7ZpIjPVDz3lj814sGiaJYzZ3XwbmXUhHFmgg8vR7EDOoQjtOBPSoJ1iwxBGFJzQcgHiCJsDYZ5kwy7nwOi6RxWnRLxVLNRFQBU2TBATgEx8AFZ6AMrkEV1AEGd+ABPIIn6956sV6tt+loxprt7IE/sD5+ACvmn3E=</latexit>

ω = En → Em

<latexit sha1_base64="6HxoX7y8acZMklbfxyFMfre3aG8=">AAACF3icbVDLSgMxFM3UV62vUVfiJrQIFaXMuKhuhKIbV1LFPqAtQybN2NAkMyQZYRiKP+HGD3Crn+BO3LrsF/gbpo+Fth64cDjnXu69x48YVdpxhlZmYXFpeSW7mltb39jcsrd36iqMJSY1HLJQNn2kCKOC1DTVjDQjSRD3GWn4/cuR33ggUtFQ3OkkIh2O7gUNKEbaSJ69d+ulXAzgOWxzpHsYsfR6UHSO3UPPLjglZww4T9wpKVTy7aOnYSWpevZ3uxvimBOhMUNKtVwn0p0USU0xI4NcO1YkQriP7knLUIE4UZ10/MIAHhilC4NQmhIajtXfEyniSiXcN52jO9WsNxL/9aJeoihWM+t1cNZJqYhiTQSebA9iBnUIRyHBLpUEa5YYgrCk5gGIe0girE2UOZOMO5vDPKmflNxyqXxjIroAE2TBPsiDInDBKaiAK1AFNYDBI3gBr+DNerberQ/rc9KasaYzu+APrK8fQdGiDg==</latexit>

Rmn = N (0, 1)

Review: D’Alessio et al Advances in Physics (2016)



ETH as a refinement of Random Matrix Theory

<latexit sha1_base64="zUIz3BjGiUIAtUHqaU2OAvbYiTg="></latexit>

Omn = O(Ē)ωmn + e
→S(Ē)/2

fO(Ē,ε)Rmn

What are the properties of observables if the Hamiltonian is a purely random matrix?
<latexit sha1_base64="Utz2ukROAoQ16Ra6TVlQo2f7rXk="></latexit>

O
(RMT )
mn = Oωmn +

√
O2

D Rmn
<latexit sha1_base64="7VGM+557vwpU63cPJxik29IibNY=">AAACB3icbVDLSgMxFM3UVx1fVZdugkVwVWZcqBuxqAuXFewD2qFk0kwbmklCkhGGoR/gB7jVhR/gTty68hPEL/A3zLRdaOuBC4dz7uXee0LJqDae9+UUFhaXlleKq+7a+sbmVml7p6FFojCpY8GEaoVIE0Y5qRtqGGlJRVAcMtIMh5e537wjSlPBb00qSRCjPqcRxchYqd2JkRlgxLKrUbdU9ireGHCe+FNSPv9wz+Tzp1vrlr47PYGTmHCDGdK67XvSBBlShmJGRm4n0UQiPER90raUo5joIBufPIIHVunBSChb3MCx+nsiQ7HWaRzazvxEPevl4r+eHKSaYj2z3kSnQUa5TAzheLI9Shg0AuahwB5VBBuWWoKwovYBiAdIIWxsdK5Nxp/NYZ40jir+ceX4xitXL8AERbAH9sEh8MEJqIJrUAN1gIEAD+ARPDn3zovz6rxNWgvOdGYX/IHz/gNyCJ2a</latexit>

D
1) Every eigenstate is equivalent
2) Diagonal term encodes the trace of the operator
3) Fluctuations in off-diagonal terms are suppressed by

<latexit sha1_base64="7VGM+557vwpU63cPJxik29IibNY=">AAACB3icbVDLSgMxFM3UVx1fVZdugkVwVWZcqBuxqAuXFewD2qFk0kwbmklCkhGGoR/gB7jVhR/gTty68hPEL/A3zLRdaOuBC4dz7uXee0LJqDae9+UUFhaXlleKq+7a+sbmVml7p6FFojCpY8GEaoVIE0Y5qRtqGGlJRVAcMtIMh5e537wjSlPBb00qSRCjPqcRxchYqd2JkRlgxLKrUbdU9ireGHCe+FNSPv9wz+Tzp1vrlr47PYGTmHCDGdK67XvSBBlShmJGRm4n0UQiPER90raUo5joIBufPIIHVunBSChb3MCx+nsiQ7HWaRzazvxEPevl4r+eHKSaYj2z3kSnQUa5TAzheLI9Shg0AuahwB5VBBuWWoKwovYBiAdIIWxsdK5Nxp/NYZ40jir+ceX4xitXL8AERbAH9sEh8MEJqIJrUAN1gIEAD+ARPDn3zovz6rxNWgvOdGYX/IHz/gNyCJ2a</latexit>

D

- Hilbert Space size

In ETH, the average and fluctuation size depend on the energy of the eigenstate 



RMT, level statistics and ergodicity
<latexit sha1_base64="5rBhu0Yqn44/L3RZ+lPJ/Swky0o=">AAAB/XicbVBLSgNBEO2Jvzj+oi7dDAbBVZhxEd2IQRFcJmA+kAyhp1OTNOnpabp7hGEIHsCtnkDciVuP4BHEE3gNO5+FJj4oeLxXRVW9QDCqtOt+Wbml5ZXVtfy6vbG5tb1T2N1rqDiRBOokZrFsBVgBoxzqmmoGLSEBRwGDZjC8GvvNO5CKxvxWpwL8CPc5DSnB2ki1626h6JbcCZxF4s1I8eLDPhfPn3a1W/ju9GKSRMA1YViptucK7WdYakoYjOxOokBgMsR9aBvKcQTKzyaHjpwjo/ScMJamuHYm6u+JDEdKpVFgOiOsB2reG4v/emKQKkrU3HodnvkZ5SLRwMl0e5gwR8fOOAqnRyUQzVJDMJHUPOCQAZaYaBOYbZLx5nNYJI2TklculWtusXKJpsijA3SIjpGHTlEF3aAqqiOCAD2gR/Rk3Vsv1qv1Nm3NWbOZffQH1vsPPZWZCQ==</latexit>

E

<latexit sha1_base64="qFGXI6ID9LLkNZ97jCHLev7zta4=">AAACCHicdVDLSgMxFM3UV62vqks3wSIIwpBpa6u7ohuXFewDOkPJZNI2NJMZkowwDP0BP8CtfoI7cetf+AX+hulD0KIHLhzOuZd77/FjzpRG6MPKrayurW/kNwtb2zu7e8X9g7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/PH11O/cU6lYJO50GlMvxEPBBoxgbSTXDSjXuJ+JM2fSL5aQXbssV6sIIrtccZyKYwiqo3rlHDo2mqEEFmj2i59uEJEkpEITjpXqOSjWXoalZoTTScFNFI0xGeMh7RkqcEiVl81unsATowRwEElTQsOZ+nMiw6FSaeibzhDrkVr2puKfXjxKFSNqab0eXHgZE3GiqSDz7YOEQx3BaSowYJISzVNDMJHMPADJCEtMtMmuYJL5fh/+T9pl26nZtdtqqXG1yCgPjsAxOAUOqIMGuAFN0AIExOARPIFn68F6sV6tt3lrzlrMHIJfsN6/AHFzmrY=</latexit>

ωn+1
<latexit sha1_base64="ZZactOIAgQXxDK25cI1g4pGBKhM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwFSY2tHVXdOOygn1gG8pkMmkHJ5MwMxFC6N4PcKuf4E7c+ht+gb/h9CFo0QMXDufcy733+AlnSiP0YRVWVtfWN4qbpa3tnd298v5BR8WpJLRNYh7Lno8V5UzQtmaa014iKY58Trv+3eXU795TqVgsbnSWUC/CI8FCRrA20u0goFzjYS4mw3IF2ahedx0XIruKHPfcMcStuqhRhY6NZqiABVrD8ucgiEkaUaEJx0r1HZRoL8dSM8LppDRIFU0wucMj2jdU4IgqL59dPIEnRglgGEtTQsOZ+nMix5FSWeSbzgjrsVr2puKfXjLOFCNqab0OG17ORJJqKsh8e5hyqGM4zQQGTFKieWYIJpKZByAZY4mJNsmVTDLf78P/SefMdmp27dqtNC8WGRXBETgGp8ABddAEV6AF2oAAAR7BE3i2HqwX69V6m7cWrMXMIfgF6/0Lk+aaSw==</latexit>

ωn

<latexit sha1_base64="IE0tMzH7Bp1jmczXF1nzYKMMZtM=">AAACF3icbVDLSsNAFJ3UV62vqCtxM1iEClISkepGKLrpSirYB7QhTKbTduxkEmYmQgjB7/AD3OonuBO3Lv0Cf8NJm4VWD1w4nHMv997jhYxKZVmfRmFhcWl5pbhaWlvf2Nwyt3faMogEJi0csEB0PSQJo5y0FFWMdENBkO8x0vEmV5nfuSdC0oDfqjgkjo9GnA4pRkpLrrnXcBN6l8IL2PeRGmPEkuu0Yh3bR65ZtqrWFPAvsXNSBjmarvnVHwQ48glXmCEpe7YVKidBQlHMSFrqR5KECE/QiPQ05cgn0kmmL6TwUCsDOAyELq7gVP05kSBfytj3dGd2p5z3MvFfLxzHkmI5t14Nz52E8jBShOPZ9mHEoApgFhIcUEGwYrEmCAuqH4B4jATCSkdZ0snY8zn8Je2Tql2r1m5Oy/XLPKMi2AcHoAJscAbqoAGaoAUweABP4Bm8GI/Gq/FmvM9aC0Y+swt+wfj4BsiInvE=</latexit>

Hij = N (0, 1)

Level 
repulsion

GOE:

Poisson: 
independent modes



RMT, level statistics and ergodicity -- GOE
<latexit sha1_base64="5rBhu0Yqn44/L3RZ+lPJ/Swky0o=">AAAB/XicbVBLSgNBEO2Jvzj+oi7dDAbBVZhxEd2IQRFcJmA+kAyhp1OTNOnpabp7hGEIHsCtnkDciVuP4BHEE3gNO5+FJj4oeLxXRVW9QDCqtOt+Wbml5ZXVtfy6vbG5tb1T2N1rqDiRBOokZrFsBVgBoxzqmmoGLSEBRwGDZjC8GvvNO5CKxvxWpwL8CPc5DSnB2ki1626h6JbcCZxF4s1I8eLDPhfPn3a1W/ju9GKSRMA1YViptucK7WdYakoYjOxOokBgMsR9aBvKcQTKzyaHjpwjo/ScMJamuHYm6u+JDEdKpVFgOiOsB2reG4v/emKQKkrU3HodnvkZ5SLRwMl0e5gwR8fOOAqnRyUQzVJDMJHUPOCQAZaYaBOYbZLx5nNYJI2TklculWtusXKJpsijA3SIjpGHTlEF3aAqqiOCAD2gR/Rk3Vsv1qv1Nm3NWbOZffQH1vsPPZWZCQ==</latexit>

E

<latexit sha1_base64="vA2vusQeQ852duWMZojkMu9jkOI="></latexit>

ωEn = ε →n|! |n↑+ ε2
∑

m

→n|! |m↑ →m|! |n↑
ωnm

<latexit sha1_base64="8MrAK0jK9pmbutbfDg62zLHerlU=">AAACA3icbVDLSsNAFL2pr1pfVZdugkVwVRKR6rLoxmUF+4A2lMn0ph0ymYSZiRBCl36AW/0Ed+LWD/EL/A2nbRbaeuDC4Zx7ufceP+FMacf5skpr6xubW+Xtys7u3v5B9fCoo+JUUmzTmMey5xOFnAlsa6Y59hKJJPI5dv3wduZ3H1EqFosHnSXoRWQsWMAo0UbqDkLUuZgOqzWn7sxhrxK3IDUo0BpWvwejmKYRCk05UarvOon2ciI1oxynlUGqMCE0JGPsGypIhMrL5+dO7TOjjOwglqaEtufq74mcREplkW86I6Inatmbif96ySRTjKql9Tq49nImklSjoIvtQcptHduzQOwRk0g1zwwhVDLzgE0nRBKqTWwVk4y7nMMq6VzU3Ua9cX9Za94UGZXhBE7hHFy4gibcQQvaQCGEZ3iBV+vJerPerY9Fa8kqZo7hD6zPH+bVmMk=</latexit>

|n→If             are delocalized in Hilbert space  
<latexit sha1_base64="jhre45/yROBjh1pLdUjn5QXQ+pk=">AAACFXicbVDLSsNAFJ3UV62vqAsXbgaL4KokItVl0Y0LFxXsA5pQJpNJO3RmEmYmQgj5Dj/ArX6CO3Hr2i/wN5y2WWjrgQuHc+7hck+QMKq043xZlZXVtfWN6mZta3tnd8/eP+iqOJWYdHDMYtkPkCKMCtLRVDPSTyRBPGCkF0xupn7vkUhFY/Ggs4T4HI0EjShG2khD+8gLJMpF4d2ZTIigNyE65wUc2nWn4cwAl4lbkjoo0R7a314Y45QToTFDSg1cJ9F+jqSmmJGi5qWKJAhP0IgMDBWIE+XnswcKeGqUEEaxNCM0nKm/EzniSmU8MJsc6bFa9Kbiv14yzhTFauG8jq78nIok1UTg+fUoZVDHcFoRDKkkWLPMEIQlNQ9APEYSYW2KrJlm3MUelkn3vOE2G837i3rruuyoCo7BCTgDLrgELXAL2qADMCjAM3gBr9aT9Wa9Wx/z1YpVZg7BH1ifP10cn20=</latexit>

→n|! |m↑ is non-zero

Nearby states push each other apart and 
gaps do not close!

<latexit sha1_base64="5rBhu0Yqn44/L3RZ+lPJ/Swky0o=">AAAB/XicbVBLSgNBEO2Jvzj+oi7dDAbBVZhxEd2IQRFcJmA+kAyhp1OTNOnpabp7hGEIHsCtnkDciVuP4BHEE3gNO5+FJj4oeLxXRVW9QDCqtOt+Wbml5ZXVtfy6vbG5tb1T2N1rqDiRBOokZrFsBVgBoxzqmmoGLSEBRwGDZjC8GvvNO5CKxvxWpwL8CPc5DSnB2ki1626h6JbcCZxF4s1I8eLDPhfPn3a1W/ju9GKSRMA1YViptucK7WdYakoYjOxOokBgMsR9aBvKcQTKzyaHjpwjo/ScMJamuHYm6u+JDEdKpVFgOiOsB2reG4v/emKQKkrU3HodnvkZ5SLRwMl0e5gwR8fOOAqnRyUQzVJDMJHUPOCQAZaYaBOYbZLx5nNYJI2TklculWtusXKJpsijA3SIjpGHTlEF3aAqqiOCAD2gR/Rk3Vsv1qv1Nm3NWbOZffQH1vsPPZWZCQ==</latexit>

E

ergodic

Easier to understand in terms of 
perturbing the spectrum

<latexit sha1_base64="2MKcbLCvpdN2Sb57+CnUgnlOYgA=">AAACGHicbVDLSsNAFJ3UV62vqDvdDBZBEEoiUt0IRTdduKhgH9CEMJlM2qGTSZiZCCEU/A4/wK1+gjtx684v8Dectllo64ELh3Pu4XKPnzAqlWV9GaWl5ZXVtfJ6ZWNza3vH3N3ryDgVmLRxzGLR85EkjHLSVlQx0ksEQZHPSNcf3Uz87gMRksb8XmUJcSM04DSkGCkteeZBE17BpmfBU+iQRFIWc+jc6nyAPLNq1awp4CKxC1IFBVqe+e0EMU4jwhVmSMq+bSXKzZFQFDMyrjipJAnCIzQgfU05ioh08+kPY3islQCGsdDDFZyqvxM5iqTMIl9vRkgN5bw3Ef/1kmEmKZZz51V46eaUJ6kiHM+uhymDKoaTlmBABcGKZZogLKh+AOIhEggr3WVFN2PP97BIOmc1u16r351XG9dFR2VwCI7ACbDBBWiAJmiBNsDgETyDF/BqPBlvxrvxMVstGUVmH/yB8fkDkP2ezA==</latexit>

H = H0 + ω!



<latexit sha1_base64="5rBhu0Yqn44/L3RZ+lPJ/Swky0o=">AAAB/XicbVBLSgNBEO2Jvzj+oi7dDAbBVZhxEd2IQRFcJmA+kAyhp1OTNOnpabp7hGEIHsCtnkDciVuP4BHEE3gNO5+FJj4oeLxXRVW9QDCqtOt+Wbml5ZXVtfy6vbG5tb1T2N1rqDiRBOokZrFsBVgBoxzqmmoGLSEBRwGDZjC8GvvNO5CKxvxWpwL8CPc5DSnB2ki1626h6JbcCZxF4s1I8eLDPhfPn3a1W/ju9GKSRMA1YViptucK7WdYakoYjOxOokBgMsR9aBvKcQTKzyaHjpwjo/ScMJamuHYm6u+JDEdKpVFgOiOsB2reG4v/emKQKkrU3HodnvkZ5SLRwMl0e5gwR8fOOAqnRyUQzVJDMJHUPOCQAZaYaBOYbZLx5nNYJI2TklculWtusXKJpsijA3SIjpGHTlEF3aAqqiOCAD2gR/Rk3Vsv1qv1Nm3NWbOZffQH1vsPPZWZCQ==</latexit>

E

RMT, level statistics and ergodicity -- Poisson
Easier to understand in terms of 

perturbing the spectrum

<latexit sha1_base64="2MKcbLCvpdN2Sb57+CnUgnlOYgA=">AAACGHicbVDLSsNAFJ3UV62vqDvdDBZBEEoiUt0IRTdduKhgH9CEMJlM2qGTSZiZCCEU/A4/wK1+gjtx684v8Dectllo64ELh3Pu4XKPnzAqlWV9GaWl5ZXVtfJ6ZWNza3vH3N3ryDgVmLRxzGLR85EkjHLSVlQx0ksEQZHPSNcf3Uz87gMRksb8XmUJcSM04DSkGCkteeZBE17BpmfBU+iQRFIWc+jc6nyAPLNq1awp4CKxC1IFBVqe+e0EMU4jwhVmSMq+bSXKzZFQFDMyrjipJAnCIzQgfU05ioh08+kPY3islQCGsdDDFZyqvxM5iqTMIl9vRkgN5bw3Ef/1kmEmKZZz51V46eaUJ6kiHM+uhymDKoaTlmBABcGKZZogLKh+AOIhEggr3WVFN2PP97BIOmc1u16r351XG9dFR2VwCI7ACbDBBWiAJmiBNsDgETyDF/BqPBlvxrvxMVstGUVmH/yB8fkDkP2ezA==</latexit>

H = H0 + ω!

Different states live in different ”sectors”; unless         connects 
different sectors, the off-diagonal matrix element is, in general, zero 

<latexit sha1_base64="5rBhu0Yqn44/L3RZ+lPJ/Swky0o=">AAAB/XicbVBLSgNBEO2Jvzj+oi7dDAbBVZhxEd2IQRFcJmA+kAyhp1OTNOnpabp7hGEIHsCtnkDciVuP4BHEE3gNO5+FJj4oeLxXRVW9QDCqtOt+Wbml5ZXVtfy6vbG5tb1T2N1rqDiRBOokZrFsBVgBoxzqmmoGLSEBRwGDZjC8GvvNO5CKxvxWpwL8CPc5DSnB2ki1626h6JbcCZxF4s1I8eLDPhfPn3a1W/ju9GKSRMA1YViptucK7WdYakoYjOxOokBgMsR9aBvKcQTKzyaHjpwjo/ScMJamuHYm6u+JDEdKpVFgOiOsB2reG4v/emKQKkrU3HodnvkZ5SLRwMl0e5gwR8fOOAqnRyUQzVJDMJHUPOCQAZaYaBOYbZLx5nNYJI2TklculWtusXKJpsijA3SIjpGHTlEF3aAqqiOCAD2gR/Rk3Vsv1qv1Nm3NWbOZffQH1vsPPZWZCQ==</latexit>

E

<latexit sha1_base64="R12QK1WR9tn2tAnLGFz+du6uVaI=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5cVLAPaIeSyWTa0EwmJBlhGLr0A9zqJ7gTt36IX+BvmLaz0OqBwOGcc7k3J5CcaeO6n05pZXVtfaO8Wdna3tndq+4fdHSSKkLbJOGJ6gVYU84EbRtmOO1JRXEccNoNJtczv/tAlWaJuDeZpH6MR4JFjGBjpe7g1kZDPKzW3Lo7B/pLvILUoEBrWP0ahAlJYyoM4VjrvudK4+dYGUY4nVYGqaYSkwke0b6lAsdU+/n83Ck6sUqIokTZJwyaqz8nchxrncWBTcbYjPWyNxP/9eQ404zopfUmuvRzJmRqqCCL7VHKkUnQrBAUMkWJ4ZklmChmP4DIGCtMjK2tYpvxlnv4Szpnda9Rb9yd15pXRUdlOIJjOAUPLqAJN9CCNhCYwBM8w4vz6Lw6b877IlpyiplD+AXn4xs+GJhg</latexit>

!

<latexit sha1_base64="ViXNwt690eQ4u1ony9LB3LDDDXo=">AAACGHicbVDLSsNAFJ3UV62vqDvdDBbBVUlEqhuh6MaFiwr2AU0ok8m0HTozCTMTIYSA3+EHuNVPcCdu3fkF/obTNgttPXDhcM49XO4JYkaVdpwvq7S0vLK6Vl6vbGxube/Yu3ttFSUSkxaOWCS7AVKEUUFammpGurEkiAeMdILx9cTvPBCpaCTudRoTn6OhoAOKkTZS3z7wAokykXu3JhMi6I2JzngOL6HTt6tOzZkCLhK3IFVQoNm3v70wwgknQmOGlOq5Tqz9DElNMSN5xUsUiREeoyHpGSoQJ8rPpj/k8NgoIRxE0ozQcKr+TmSIK5XywGxypEdq3puI/3rxKFUUq7nzenDhZ1TEiSYCz64PEgZ1BCctwZBKgjVLDUFYUvMAxCMkEdamy4ppxp3vYZG0T2tuvVa/O6s2roqOyuAQHIET4IJz0AA3oAlaAINH8AxewKv1ZL1Z79bHbLVkFZl98AfW5w/JZ6AY</latexit>

→n|! |m↑ = 0

Locally, state’s energy is independent: 
Poisson statistics!

Symmetry, particle 
number, etc…



Quick Summary

• In quantum systems, thermalization is naturally defined in terms of 
subsystems, and as a dynamical process of observables relaxing

• A Hamiltonian whose statistics match that of a random matrix 
thermalizes
• Computing these statistics for specific instances help us diagnose the 

presence of structure that prevent thermalization



[Quick Aside 1] Proving thermalization

However, by looking at typical states, in certain classes 
of Hamiltonians one can make headway!

Can you prove thermalization?

Not in general: it is an undecideable problem

For the curious:
Can simulate a Turing machine in the dynamics of a 
specific Hamiltonian and initial state, maping the 
question of thermalizing  into a halting problem

Examples:
- *Quantum mechanical evolution towards thermal equilibrium

Linden et al PRE (2009)
-     Quantum thermalization must occur in translation-invariant 
systems at high-temperature
          Pilatowsky-Cameo, Choi in Nature Comm (2025)

“We emphasize that the restriction to Hamiltonians that have no degenerate 
energy gaps is an extremely natural and weak restriction.”*

Common assumption:

Structured eigenspectra exhibit stronger and faster  recurances that prevent thermalization



[Quick Aside 2] Where did the information go?

<latexit sha1_base64="LzVgmMltFNvFdNLlPZOoz3AjDn4=">AAACHXicbZBLSgNBEIZ74iuJr6hLFzYGIYKEGZHoRgi6yc4I5gHJEHp6epImPQ+6a4RhyNJzeAC3egR34lY8gdewk8xCoz8U/PxVRVGfEwmuwDQ/jdzS8srqWr5QXN/Y3Nou7ey2VRhLylo0FKHsOkQxwQPWAg6CdSPJiO8I1nHG19N+555JxcPgDpKI2T4ZBtzjlICOBqWDQt+ThKbuJHVhgm8qcIwvMe81TmbeHpTKZtWcCf81VmbKKFNzUPrquyGNfRYAFUSpnmVGYKdEAqeCTYr9WLGI0DEZsp62AfGZstPZIxN8pBMXe6HUFQCepT83UuIrlfiOnvQJjNRibxr+24tGieJULZwH78JOeRDFwAI6v+7FAkOIp6iwyyWjIBJtCJVcP4DpiGhaoIEWNRlrkcNf0z6tWrVq7fasXL/KGOXRPjpEFWShc1RHDdRELUTRA3pCz+jFeDRejTfjfT6aM7KdPfRLxsc3Chmgiw==</latexit>

d

dt
O(t) = i[H,O(t)]

Heisenberg evolution 
of the operator:

<latexit sha1_base64="3BDW7fLWM26RSKOcd4IA7rT133Y="></latexit>

H =
∑

i

ωiĥi → ĥi+1
<latexit sha1_base64="0+FE/On+U2XAr6sEAXHToB2wJeY=">AAACEXicbVDLSgMxFM3UV62v0S7dBItQN2VGpLopFN24s4J9QDsOmTRtQ5PMkGTEYehX+AFu9RPciVu/wC/wN0zbWWjrgQuHc+7l3nuCiFGlHefLyq2srq1v5DcLW9s7u3v2/kFLhbHEpIlDFspOgBRhVJCmppqRTiQJ4gEj7WB8NfXbD0QqGoo7nUTE42go6IBipI3k28Wbsq45J7AGe4oOObp/9B3fLjkVZwa4TNyMlECGhm9/9/ohjjkRGjOkVNd1Iu2lSGqKGZkUerEiEcJjNCRdQwXiRHnp7PgJPDZKHw5CaUpoOFN/T6SIK5XwwHRypEdq0ZuK/3rRKFEUq4X1enDhpVREsSYCz7cPYgZ1CKfxwD6VBGuWGIKwpOYBiEdIIqxNiAWTjLuYwzJpnVbcaqV6e1aqX2YZ5cEhOAJl4IJzUAfXoAGaAIMEPIMX8Go9WW/Wu/Uxb81Z2UwR/IH1+QO6KZw8</latexit>

O(t = 0) = ω
x
0

<latexit sha1_base64="P0YeinePyX6yGSb8Mbd0YytDONc="></latexit>

d

dt
O(t) =

∑

ω

aωω
ω
0 +

∑

ω,ε

(bωεω
ω
0 ω

ε
1 + cωεω

ω
0 ω

ε
→1)

<latexit sha1_base64="x1r6ucn8NdcwSQN5ndx+vXzYVfE=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4TMA9IljA76U2GzD6YmRWXJfgBXvUTvIlXv8Uv8DecJHvQxIKGoqqb7i4vFlxp2/6yCmvrG5tbxe3Szu7e/kH58KitokQybLFIRLLrUYWCh9jSXAvsxhJp4AnseJPbmd95QKl4FN7rNEY3oKOQ+5xRbaTm46Bcsav2HGSVODmpQI7GoPzdH0YsCTDUTFCleo4dazejUnMmcFrqJwpjyiZ0hD1DQxqgcrP5oVNyZpQh8SNpKtRkrv6eyGigVBp4pjOgeqyWvZn4rxePU8WZWlqv/Ws342GcaAzZYrufCKIjMouCDLlEpkVqCGWSmwcIG1NJmTaBlUwyznIOq6R9UXVq1VrzslK/yTMqwgmcwjk4cAV1uIMGtIABwjO8wKv1ZL1Z79bHorVg5TPH8AfW5w/rJZX/</latexit>x

<latexit sha1_base64="q07DGITe0IOKzjRUC42z19A2suE=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4TMDGQLGF2MkmGzM4uM73CsgQ/wKt+gjfx6rf4Bf6Gk2QPmljQUFR1090VxFIYdN0vp7C2vrG5Vdwu7ezu7R+UD4/aJko04y0WyUh3Amq4FIq3UKDknVhzGgaSPwST25n/8Mi1EZG6xzTmfkhHSgwFo2ilJvbLFbfqzkFWiZeTCuRo9MvfvUHEkpArZJIa0/XcGP2MahRM8mmplxgeUzahI961VNGQGz+bHzolZ1YZkGGkbSkkc/X3REZDY9IwsJ0hxbFZ9mbiv148To1gZmk9Dq/9TKg4Qa7YYvswkQQjMouCDITmDGVqCWVa2AcIG1NNGdrASjYZbzmHVdK+qHq1aq15Wanf5BkV4QRO4Rw8uII63EEDWsCAwzO8wKvz5Lw5787HorXg5DPH8AfO5w/kwZX7</latexit>

t

<latexit sha1_base64="yf1/j67Qx8dUiV9A9EQEsSKuJVo=">AAACAnicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoRgl68GcE8IFnC7GQ2GTP7YKZXCEtufoBX/QRv4tUf8Qv8DSfJHjRa0FBUddPd5cVSaLTtTyu3tLyyupZfL2xsbm3vFHf3mjpKFOMNFslItT2quRQhb6BAydux4jTwJG95o6up33rgSosovMNxzN2ADkLhC0bRSM2bMl7Yx71iya7YM5C/xMlICTLUe8Wvbj9iScBDZJJq3XHsGN2UKhRM8kmhm2geUzaiA94xNKQB1246u3ZCjozSJ36kTIVIZurPiZQGWo8Dz3QGFId60ZuK/3rxcKwF0wvr0T93UxHGCfKQzbf7iSQYkWkepC8UZyjHhlCmhHmAsCFVlKFJrWCScRZz+EuaJxWnWqnenpZql1lGeTiAQyiDA2dQg2uoQwMY3MMTPMOL9Wi9Wm/W+7w1Z2Uz+/AL1sc3T9WXOg==</latexit>

O(t = 0)

<latexit sha1_base64="pCwiS/cAImavdyJ26PysFsEAPgA=">AAACAHicbVDLSsNAFL3xWeur6tLNYBHqpiQi1WXRjTsr2Ae0oUymk2boZBJmJkII3fgBbvUT3Ilb/8Qv8DectFlo64ELh3Pu5d57vJgzpW37y1pZXVvf2Cxtlbd3dvf2KweHHRUlktA2iXgkex5WlDNB25ppTnuxpDj0OO16k5vc7z5SqVgkHnQaUzfEY8F8RrDOpbuaPhtWqnbdngEtE6cgVSjQGla+B6OIJCEVmnCsVN+xY+1mWGpGOJ2WB4miMSYTPKZ9QwUOqXKz2a1TdGqUEfIjaUpoNFN/T2Q4VCoNPdMZYh2oRS8X//XiIFWMqIX12r9yMybiRFNB5tv9hCMdoTwNNGKSEs1TQzCRzDyASIAlJtpkVjbJOIs5LJPOed1p1Bv3F9XmdZFRCY7hBGrgwCU04RZa0AYCATzDC7xaT9ab9W59zFtXrGLmCP7A+vwBVSGWuQ==</latexit>

O(t)

Operator grows more complex, and more 
extended in space

This is known as scrambling

<latexit sha1_base64="khqMSL9SERFAWIb4jSSlji9bVMU=">AAACI3icbVC7SgNBFJ2NrxhfUUubwRCITdgViTaBoI2dEcwDskuYnUySIbO7w8xdYVnyBX6HH2Crn2AnNhbW/oaTRxETD1w4nHMvh3t8KbgG2/6yMmvrG5tb2e3czu7e/kH+8Kipo1hR1qCRiFTbJ5oJHrIGcBCsLRUjgS9Yyx/dTPzWI1OaR+EDJJJ5ARmEvM8pASN188W7ElTtM3fEIHWl5l17jKvYlQFelLr5gl22p8CrxJmTApqj3s3/uL2IxgELgQqidcexJXgpUcCpYOOcG2smCR2RAesYGpKAaS+dvjPGRaP0cD9SZkLAU3XxIiWB1kngm82AwFAvexPxX08OE82pXoqH/pWX8lDGwEI6S+/HAkOEJ4XhHleMgkgMIVRx8wCmQ6IIBVNrzjTjLPewSprnZadSrtxfFGrX846y6ASdohJy0CWqoVtURw1E0RN6Qa/ozXq23q0P63O2mrHmN8foD6zvX3RCpBU=</latexit>

O(t = 0) |ω0→ = ± |ω0→
<latexit sha1_base64="iosdMnCnoWmzvsvSp0m4KMRygGc=">AAACJnicbZBLSgNBEIZ74ivGV9Slm8YgJAvDjEh0IwTduDOCeUAmhJ5OT9KkZ6bprhHCkCt4Dg/gVo/gTsSdO69hJxlEE38o+PmqiqJ+TwquwbY/rMzS8srqWnY9t7G5tb2T391r6ChWlNVpJCLV8ohmgoesDhwEa0nFSOAJ1vSGV5N+854pzaPwDkaSdQLSD7nPKQGDuvniTfEYSu6QQeJKzYtQGuML7MoA/7CuPaHdfMEu21PhReOkpoBS1br5L7cX0ThgIVBBtG47toROQhRwKtg458aaSUKHpM/axoYkYLqTTD8a4yNDetiPlKkQ8JT+3khIoPUo8MxkQGCg53sT+G9PDkaaUz13HvzzTsJDGQML6ey6HwsMEZ5khntcMQpiZAyhipsHMB0QRSiYZHMmGWc+h0XTOCk7lXLl9rRQvUwzyqIDdIiKyEFnqIquUQ3VEUUP6Ak9oxfr0Xq13qz32WjGSnf20R9Zn982TqTu</latexit>

O(→t) |ω(t)↑ = ± |ω0(t)↑
Store 1-bit of information: Is still present at late time

What is the operator I need to measure to recover the information?

Review: Xu and Swingle PRX Quantum (2024)



Beyond Hamiltonian dynamics

<latexit sha1_base64="2XJKwsVyLS/ZY8iIRBaJYdoTzb8=">AAACBHicbVDLSsNAFJ34rPVVdekmWAQ3lkSkuiy66bKCfUAby2R60w6dTMLMjRBCt36AW/0Ed+LW//AL/A2nbRbaeuDC4Zx7ufcePxZco+N8WSura+sbm4Wt4vbO7t5+6eCwpaNEMWiySESq41MNgktoIkcBnVgBDX0BbX98O/Xbj6A0j+Q9pjF4IR1KHnBG0UgdeMjOeR0n/VLZqTgz2MvEzUmZ5Gj0S9+9QcSSECQyQbXuuk6MXkYVciZgUuwlGmLKxnQIXUMlDUF72ezeiX1qlIEdRMqURHum/p7IaKh1GvqmM6Q40oveVPzXi0ep5kwvrMfg2su4jBMEyebbg0TYGNnTROwBV8BQpIZQprh5wGYjqihDk1vRJOMu5rBMWhcVt1qp3l2Wazd5RgVyTE7IGXHJFamROmmQJmFEkGfyQl6tJ+vNerc+5q0rVj5zRP7A+vwBGNaY2g==</latexit>

e→iHt

<latexit sha1_base64="cfK589I5HgVOq5gqYvSQ9G9Y6d8=">AAACCHicbVBLSgNBEO2Jvxh/UZduGoPgKsyIRJdBNy4jmA9khtDTqUma9PQ03T3CMOQCHsCtHsGduPUWnsBr2ElmoYkPCh7vVVFVL5ScaeO6X05pbX1jc6u8XdnZ3ds/qB4edXSSKgptmvBE9UKigTMBbcMMh55UQOKQQzec3M787iMozRLxYDIJQUxGgkWMEmMl35+AyX2p2cCdDqo1t+7OgVeJV5AaKtAaVL/9YULTGIShnGjd91xpgpwowyiHacVPNUhCJ2QEfUsFiUEH+fzmKT6zyhBHibIlDJ6rvydyEmudxaHtjIkZ62VvJv7ryXGmGdVL6010HeRMyNSAoIvtUcqxSfAsFTxkCqjhmSWEKmYfwHRMFKHGZlexyXjLOaySzkXda9Qb95e15k2RURmdoFN0jjx0hZroDrVQG1Ek0TN6Qa/Ok/PmvDsfi9aSU8wcoz9wPn8AjMWaxA==</latexit>

|ω0→

<latexit sha1_base64="3+8W8ykbfBT/LPeAq4zuAD0H95o=">AAACFnicbVDLSsNAFJ3UV62vqBvBzWAR3FgSkeqy6qbLCvYBTS2T6W0zdJIJMxOhhPodfoBb/QR34tatX+BvOG2z0NYDFw7n3MvhHj/mTGnH+bJyS8srq2v59cLG5tb2jr2711AikRTqVHAhWz5RwFkEdc00h1YsgYQ+h6Y/vJn4zQeQionoTo9i6IRkELE+o0QbqWsfeDIQ3SvsKRZiuE9PPR80wdVx1y46JWcKvEjcjBRRhlrX/vZ6giYhRJpyolTbdWLdSYnUjHIYF7xEQUzokAygbWhEQlCddPrBGB8bpYf7QpqJNJ6qvy9SEio1Cn2zGRIdqHlvIv7rxcFIMarm4nX/spOyKE40RHSW3k841gJPOsI9JoFqPjKEUMnMA5gGRBKqTZMF04w738MiaZyV3HKpfHterFxnHeXRITpCJ8hFF6iCqqiG6oiiR/SMXtCr9WS9We/Wx2w1Z2U3++gPrM8f3IefEA==</latexit>

ωA → e→ωH

Energy acts as a constraint!

<latexit sha1_base64="2XJKwsVyLS/ZY8iIRBaJYdoTzb8=">AAACBHicbVDLSsNAFJ34rPVVdekmWAQ3lkSkuiy66bKCfUAby2R60w6dTMLMjRBCt36AW/0Ed+LW//AL/A2nbRbaeuDC4Zx7ufcePxZco+N8WSura+sbm4Wt4vbO7t5+6eCwpaNEMWiySESq41MNgktoIkcBnVgBDX0BbX98O/Xbj6A0j+Q9pjF4IR1KHnBG0UgdeMjOeR0n/VLZqTgz2MvEzUmZ5Gj0S9+9QcSSECQyQbXuuk6MXkYVciZgUuwlGmLKxnQIXUMlDUF72ezeiX1qlIEdRMqURHum/p7IaKh1GvqmM6Q40oveVPzXi0ep5kwvrMfg2su4jBMEyebbg0TYGNnTROwBV8BQpIZQprh5wGYjqihDk1vRJOMu5rBMWhcVt1qp3l2Wazd5RgVyTE7IGXHJFamROmmQJmFEkGfyQl6tJ+vNerc+5q0rVj5zRP7A+vwBGNaY2g==</latexit>

e→iHt

<latexit sha1_base64="cfK589I5HgVOq5gqYvSQ9G9Y6d8=">AAACCHicbVBLSgNBEO2Jvxh/UZduGoPgKsyIRJdBNy4jmA9khtDTqUma9PQ03T3CMOQCHsCtHsGduPUWnsBr2ElmoYkPCh7vVVFVL5ScaeO6X05pbX1jc6u8XdnZ3ds/qB4edXSSKgptmvBE9UKigTMBbcMMh55UQOKQQzec3M787iMozRLxYDIJQUxGgkWMEmMl35+AyX2p2cCdDqo1t+7OgVeJV5AaKtAaVL/9YULTGIShnGjd91xpgpwowyiHacVPNUhCJ2QEfUsFiUEH+fzmKT6zyhBHibIlDJ6rvydyEmudxaHtjIkZ62VvJv7ryXGmGdVL6010HeRMyNSAoIvtUcqxSfAsFTxkCqjhmSWEKmYfwHRMFKHGZlexyXjLOaySzkXda9Qb95e15k2RURmdoFN0jjx0hZroDrVQG1Ek0TN6Qa/Ok/PmvDsfi9aSU8wcoz9wPn8AjMWaxA==</latexit>

|ω0→

<latexit sha1_base64="tFFGKu/TT6sgX9W0OibfWNkjnWE=">AAACBXicbVDLSgNBEOz1GeMr6tHLYBA8SNgViV6EoJecJIJ5SLKE2clsMmRmdpmZFZaQsx/gVT/Bm3j1O/wCf8NJsgdNLGgoqrrp7gpizrRx3S9naXlldW09t5Hf3Nre2S3s7Td0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIY3E7/5SJVmkbw3aUx9gfuShYxgY6WHdvX01kdXLuoWim7JnQItEi8jRchQ6xa+O72IJIJKQzjWuu25sfFHWBlGOB3nO4mmMSZD3KdtSyUWVPuj6cFjdGyVHgojZUsaNFV/T4yw0DoVge0U2Az0vDcR//XiQaoZ0XPrTXjpj5iME0MlmW0PE45MhCaRoB5TlBieWoKJYvYBRAZYYWJscHmbjDefwyJpnJW8cql8d16sXGcZ5eAQjuAEPLiAClShBnUgIOAZXuDVeXLenHfnY9a65GQzB/AHzucPzdSX/g==</latexit>

[H,N ] = 0

<latexit sha1_base64="raR6oHM2c1BPRjTL10EGFmiq7Ig=">AAACHnicbVDLSsNAFJ34rPUVdelmsAhuWhKR6rLqpiupYB/QxDCZ3rZDZ5IwMxFK6Nbv8APc6ie4E7f6Bf6G08dCWw9cOJxzL4d7woQzpR3ny1paXlldW89t5De3tnd27b39hopTSaFOYx7LVkgUcBZBXTPNoZVIICLk0AwH12O/+QBSsTi608MEfEF6EesySrSRAht7sh8Hl9hTTGC4z4peCJrgKi5iT6T4ZhTYBafkTIAXiTsjBTRDLbC/vU5MUwGRppwo1XadRPsZkZpRDqO8lypICB2QHrQNjYgA5WeTT0b42Cgd3I2lmUjjifr7IiNCqaEIzaYguq/mvbH4r5f0h4pRNRevuxd+xqIk1RDRaXo35VjHeNwV7jAJVPOhIYRKZh7AtE8kodo0mjfNuPM9LJLGacktl8q3Z4XK1ayjHDpER+gEuegcVVAV1VAdUfSIntELerWerDfr3fqYri5Zs5sD9AfW5w+pO6F5</latexit>

ωA → e→ωH→µN

<latexit sha1_base64="cfK589I5HgVOq5gqYvSQ9G9Y6d8=">AAACCHicbVBLSgNBEO2Jvxh/UZduGoPgKsyIRJdBNy4jmA9khtDTqUma9PQ03T3CMOQCHsCtHsGduPUWnsBr2ElmoYkPCh7vVVFVL5ScaeO6X05pbX1jc6u8XdnZ3ds/qB4edXSSKgptmvBE9UKigTMBbcMMh55UQOKQQzec3M787iMozRLxYDIJQUxGgkWMEmMl35+AyX2p2cCdDqo1t+7OgVeJV5AaKtAaVL/9YULTGIShnGjd91xpgpwowyiHacVPNUhCJ2QEfUsFiUEH+fzmKT6zyhBHibIlDJ6rvydyEmudxaHtjIkZ62VvJv7ryXGmGdVL6010HeRMyNSAoIvtUcqxSfAsFTxkCqjhmSWEKmYfwHRMFKHGZlexyXjLOaySzkXda9Qb95e15k2RURmdoFN0jjx0hZroDrVQG1Ek0TN6Qa/Ok/PmvDsfi9aSU8wcoz9wPn8AjMWaxA==</latexit>

|ω0→

<latexit sha1_base64="pSdcNTfXVHdt9zhTJe6GsbJ+F9A=">AAACCXicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLqRncV7AOaUCbTSTN0HnFmIoTQL/AD3OonuBO3foVf4G84bbPQ6oELh3Pu5d57woRRbVz30yktLa+srpXXKxubW9s71d29jpapwqSNJZOqFyJNGBWkbahhpJcognjISDccX0397gNRmkpxZ7KEBByNBI0oRsZKga9iObiAvqYc3gyqNbfuzgD/Eq8gNVCgNah++UOJU06EwQxp3ffcxAQ5UoZiRiYVP9UkQXiMRqRvqUCc6CCfHT2BR1YZwkgqW8LAmfpzIkdc64yHtpMjE+tFbyr+6yVxpinWC+tNdB7kVCSpIQLPt0cpg0bCaSxwSBXBhmWWIKyofQDiGCmEjQ2vYpPxFnP4Szonda9Rb9ye1pqXRUZlcAAOwTHwwBlogmvQAm2AwT14As/gxXl0Xp03533eWnKKmX3wC87HNyBYmnI=</latexit>

ωA → I

Random Unitary Circuit Hamiltonian evolution
Hamiltonian evolution w/ 

symmetries



Landscape of Thermalizing Dynamics

Fully Thermalizing

Many-body scars

Fully Non-Thermalizing

Integrable systems

Hilbert space  fragmentation

Periodically driven system

Hamiltonian evolution
Random Unitary 

Circuit

Many-Body Localization

Floquet
prethermalization

Hamiltonian evolution w/ 
symmetries or constraints

Different thermalization regimes yield different kinds of out-of-equilibrium phases

<latexit sha1_base64="GR3+ky1Q7UVNdLdgfVpngcU+eg8=">AAACDnicbVDLSgMxFM34rPU16tJNsAgtQpkRqW6EopsuK9gHtEPJpGkbmskMyZ3CMPQf/AC3+gnuxK2/4Bf4G6btLLT1wOUezrmXmxw/ElyD43xZa+sbm1vbuZ387t7+waF9dNzUYawoa9BQhKrtE80El6wBHARrR4qRwBes5Y/vZ35rwpTmoXyEJGJeQIaSDzglYKSebdeKUMK32LSLLpC41LMLTtmZA68SNyMFlKHes7+7/ZDGAZNABdG64zoReClRwKlg03w31iwidEyGrGOoJAHTXjp/+RSfG6WPB6EyJQHP1d8bKQm0TgLfTAYERnrZm4n/etEo0ZzqpfMwuPFSLqMYmKSL64NYYAjxLBvc54pREIkhhCpuPoDpiChCwSSYN8m4yzmskuZl2a2UKw9XhepdllEOnaIzVEQuukZVVEN11EAUTdAzekGv1pP1Zr1bH4vRNSvbOUF/YH3+APnomrY=</latexit>

H(t) = H(t+ ω)



Parting words

- Thermalization as a complex yet generic feature 
in quantum systems

Admits a statistical framework

- Thermalization comes in many shapes and sizes:
not yet have a full understanding of the landscape 

- Different thermalization dynamics enable 
different out-of-equilibrium phenomena

Thank you!

<latexit sha1_base64="2XJKwsVyLS/ZY8iIRBaJYdoTzb8=">AAACBHicbVDLSsNAFJ34rPVVdekmWAQ3lkSkuiy66bKCfUAby2R60w6dTMLMjRBCt36AW/0Ed+LW//AL/A2nbRbaeuDC4Zx7ufcePxZco+N8WSura+sbm4Wt4vbO7t5+6eCwpaNEMWiySESq41MNgktoIkcBnVgBDX0BbX98O/Xbj6A0j+Q9pjF4IR1KHnBG0UgdeMjOeR0n/VLZqTgz2MvEzUmZ5Gj0S9+9QcSSECQyQbXuuk6MXkYVciZgUuwlGmLKxnQIXUMlDUF72ezeiX1qlIEdRMqURHum/p7IaKh1GvqmM6Q40oveVPzXi0ep5kwvrMfg2su4jBMEyebbg0TYGNnTROwBV8BQpIZQprh5wGYjqihDk1vRJOMu5rBMWhcVt1qp3l2Wazd5RgVyTE7IGXHJFamROmmQJmFEkGfyQl6tJ+vNerc+5q0rVj5zRP7A+vwBGNaY2g==</latexit>

e→iHt

<latexit sha1_base64="cfK589I5HgVOq5gqYvSQ9G9Y6d8=">AAACCHicbVBLSgNBEO2Jvxh/UZduGoPgKsyIRJdBNy4jmA9khtDTqUma9PQ03T3CMOQCHsCtHsGduPUWnsBr2ElmoYkPCh7vVVFVL5ScaeO6X05pbX1jc6u8XdnZ3ds/qB4edXSSKgptmvBE9UKigTMBbcMMh55UQOKQQzec3M787iMozRLxYDIJQUxGgkWMEmMl35+AyX2p2cCdDqo1t+7OgVeJV5AaKtAaVL/9YULTGIShnGjd91xpgpwowyiHacVPNUhCJ2QEfUsFiUEH+fzmKT6zyhBHibIlDJ6rvydyEmudxaHtjIkZ62VvJv7ryXGmGdVL6010HeRMyNSAoIvtUcqxSfAsFTxkCqjhmSWEKmYfwHRMFKHGZlexyXjLOaySzkXda9Qb95e15k2RURmdoFN0jjx0hZroDrVQG1Ek0TN6Qa/Ok/PmvDsfi9aSU8wcoz9wPn8AjMWaxA==</latexit>

|ω0→

<latexit sha1_base64="3+8W8ykbfBT/LPeAq4zuAD0H95o=">AAACFnicbVDLSsNAFJ3UV62vqBvBzWAR3FgSkeqy6qbLCvYBTS2T6W0zdJIJMxOhhPodfoBb/QR34tatX+BvOG2z0NYDFw7n3MvhHj/mTGnH+bJyS8srq2v59cLG5tb2jr2711AikRTqVHAhWz5RwFkEdc00h1YsgYQ+h6Y/vJn4zQeQionoTo9i6IRkELE+o0QbqWsfeDIQ3SvsKRZiuE9PPR80wdVx1y46JWcKvEjcjBRRhlrX/vZ6giYhRJpyolTbdWLdSYnUjHIYF7xEQUzokAygbWhEQlCddPrBGB8bpYf7QpqJNJ6qvy9SEio1Cn2zGRIdqHlvIv7rxcFIMarm4nX/spOyKE40RHSW3k841gJPOsI9JoFqPjKEUMnMA5gGRBKqTZMF04w738MiaZyV3HKpfHterFxnHeXRITpCJ8hFF6iCqqiG6oiiR/SMXtCr9WS9We/Wx2w1Z2U3++gPrM8f3IefEA==</latexit>

ωA → e→ωH


