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Chaos and hydrodynamics



• Hydrodynamics from the Boltzmann equation

• Moments of the Boltzmann equation give Navier-Stokes
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• The Boltzmann equation from statistical mechanics 
 
The    -particle distribution function 
 
 
 
 
Time-evolution governed by BBGKY hierarchy
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• Truncation of the BBGKY hierarchy

• Linearized Boltzmann equation

f2 ⇠ f2
1

d

dt
fn =

Z
d3qn+1d

3pn+1

nX

i=1

{U, fn+1}PB wrt qi,pi

Assumption of molecular chaos

@f

@t
+

p

m
·rf =

Z
d3p1d

3p2d
3p3�(p,p1|p2,p3) (f(p2, t)f(p3, t)� f(p, t)f(p1, t))

d

dt
f(p, t) =

Z

k

(Rin(p,k)�Rout(p,k))f(k, t)



• Transport from the Boltzmann equation
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• Transport from the Boltzmann equation

Maxwell



Boltzmann is based on successive 2-2 collisions 
This microscopic picture is also what encodes chaotic trajectories



• A very special feature of dilute gases

• Transport follows from the Boltzmann equation
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• A very special feature of dilute gases

• Can we understand chaos from a kinetic-like equation? 
 
Ad hoc: clock equation
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FIG. 7. A plot of the Lyapunov exponents, in units of v/a, for the moving particle in a random,
dilute Lorentz gas in two dimensions (top) and three dimensions (bottom), as functions of the

density n, in units of a−d. The solid lines are the results given by kinetic theory, Eq. (90),
respectively, Eqs. (91) and (93), and the data points are the numerical results of Dellago and
Posch.

B. Formal Kinetic Theory for the Low Density Lorentz Gas

The formal theory for the KS entropy of the regular gas is easily applied to the Lorentz
gas, which is, of course, considerably simpler. Thus by following the arguments leading to
Eq. (13) for the sum of the positive Lyapunov exponents for the regular gas, we find that
the KS entropy for the equilibrium Lorentz gas is given by

∑

λi>0

λi = ad−1
∫

dx dρ dR⃗dσ̂Θ(−v⃗ · σ̂)|v⃗ · σ̂|δ(r⃗ − R⃗− aσ̂)×
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the fraction of particles which have experienced     collisionskfk



• Scrambling rate/Chaos is a microscopic “particle” property 

• Transport diffusion is a macroscopic collective property



• A generic system

tmfp thydro-onsett = 0 t = 1

hydro applies

particle picture

applies



• Special case: weakly coupled dilute gas

tmfpthydro-onsett = 0 t = 1

hydro applies

particle picture

applies

⌘ =
1

3
m
p

hv2i 1

�2�to�2



tmfpthydro-onsett = 0 t = 1

hydro applies

particle picture

applies
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Implies hydro/Boltzmann/kinetic theory should also know about chaos!



scrambling=chaos=ergodicity local therm.=equilibrationis very different from

There is a connection: 
In classical thermalization chaos is the source of ergodicity 

In special situations (weakly coupled dilute gas) they are set by the same physics



Quantum chaos from an out-of-time correlation function
Semi-classical



• A QFT way to detect chaos 
 
 

Choose

C(t) = �h[W (t), V (0)]†[W (t), V (0)]i

W = q(t) V = p(0)

[W (t), V (0)] = [q(t), p(0)] = i~{q(t), p(0)} = i~ @q(t)
@q(0)

C(t) ⇠ ~2e2�t with � = �LyaChaos : q(t) ⇠ �q(0)e�Lt



• Semi-classical computation of conductivity in weak disorder

• Semiclassical regime � ⌧ a

�

a

C(t) = �h[W (t), V (0)]†[W (t), V (0)]i

Larkin, Ovchinnikov

⇠ ~2e2�t ⇠ 1



• Semi-classical computation of conductivity in weak disorder

• Semiclassical regime                 variation on Sinai billiards� ⌧ a

C(t) = �h[W (t), V (0)]†[W (t), V (0)]i

Larkin, Ovchinnikov

⇠ ~2e2�t ⇠ 1



• Semi-classical computation of conductivity in weak disorder

• Semiclassical regime

• Nevertheless: quantum physics takes over when
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• Careful:  
 
In the quantum regime chaotic behavior is hard.  
 
i.e. most quantum analogues of classical systems with chaos do 
not exhibit exponential growth in this OTOC correlator. 

Need a small parameter

In semi-classical systems 

In holography:

Semi-classical single-trace lumps: large      classicalization/
master field

N

~ C(t) ⇠ ~2e2�t

C(t) ⇠ 1

N2
e2�t

1

N

e.g. Grozdanov, Kukuljan, Prosen



A bound on chaos = a bound on diffusion?



• A bound on chaos

Related regulated function:  

Not time ordered: but

Analyticity in QFT demands

Maldacena, Shenker, Stanford
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• A bound on chaos

Related regulated function:  

Not time ordered: but

Analyticity in QFT demands

Maldacena, Shenker, Stanford
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Careful:
Answer depends 
on regulating.

This one encodes 
chaos correctly

Romero-Bermudez, 
Schalm,

Scopelliti



• Black holes saturate this bound: maximal chaos 
 
 

This observation is the driving force behind SYK

�BH = 2⇡T

Kitaev
e.g. Stanford@Strings’16

It would be nice to have a solvable model of holography.

theory bulk dual anom. dim. chaos solvable in 1/N

SYM Einstein grav. large maximal no
O(N) Vasiliev 1/N 1/N yes
SYK “`s ⇠ `AdS” O(1) maximal yes



Scrambling and diffusion

• A refined version 
 
 
 
gives you a “scrambling” velocity 
 

First pioneered in 1+1 dimension systems

Lieb-Robinson proved: 
 
The velocity          is an absolute upper bound on information 
spreading.

         acts as en emergent lightcone.

• Idea: also in other systems this butterfly/Lieb-Robinson velocity is 
the maximum “speed” at which information spreads

C(t, x) = �h[W (t, x), V (0)]†[W (t, x), V (0)]i ⇠ ~2e⇠(x�vLRt)

⇠vLR = 2�

vLR

vLR



• Diffusion is characterized by a velocity

• Long sought goal: a fundamental quantum bound on diffusion

• (Unstated) Hypothesis:            provides this fundamental velocity

D ⇠ v2
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• Diffusion is characterized by a velocity

• Long sought goal: a fundamental quantum bound on diffusion

• (Unstated) Hypothesis:            provides this fundamental velocity
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Is there a fundamental Quantum Limit on diffusion? 

Koenraad Schalm and Kaveh Lahabi

LION, Leiden University



• This proposal: 
 
A dedicated experiment to probe the quantum limits on diffusion directly 
in strongly correlated quantum matter.  
 

Theoretical basis: 
 
Shock front (OTOC) travels at    
Linear response travels at 
 
Quantum Limits are reached when these become the same 
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• Semi-classical chaos in weakly coupled systems

• Most of these are weakly coupled zero density field theory 
results. 
 
This should not be a surprise. This is the classical dilute gas 
computation. 
 

“Surprisingly a relation of the form                    shows up in a number 
of non-holographic contexts”

D ⇠ v2LR⌧



• Scrambling rate/Chaos is a microscopic “particle” property 

• Diffusion is a macroscopic collective property



A kinetic equation for semi-classical chaos



• Semi-classical chaos in weakly coupled systems

• Most of these are weakly coupled zero density field theory 
results. 
 
This should not be a surprise. This is the classical dilute gas 
computation. 
 
From the point of view what you compute it is a surprise

“Surprisingly a relation of the form                    shows up in a number 
of non-holographic contexts”

D ⇠ v2LR⌧



Scrambling in weakly coupled QFT is classical dilute gas

• Object of interest for 

• Object of interest for 

C(t) = �h[W (t), V (0)]†[W (t), V (0)]i
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  growing mode   

Boltzmann transport only supports decaying modes:
viscosity set by smallest decay mode — relaxation time approximation  



• Transport • Scrambling/Chaos

C(t) ⇠ h[�ab,�cd][�ab,�cd]i�GR(t) ⇠ pxpyqxqyh[�ab�ab,�cd�cd]i�

Schwinger-Keldysh contour OTOC contour
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• Transport

In free field theory

In perturbation theory Transport and Scrambling sum the same 
ladder diagrams

Stanford, Jeon

24

terms of the type �ra(p)�ra(p) and �ar(p)�ar(p) have poles on the same side of the real

energy axis and thus they give much smaller contribution to the expressions (110) and (111)

than the pinching poles, and may be safely ignored in further computations. The omission

of these terms constitutes the pinching pole approximation.

Replacement of bare propagators by dressed ones means that we need to deal with the

skeleton expansion where propagators are dressed and vertices remain bare. Here, we are

to study the first loop of this expansion. However, since the thermal width is related to the

imaginary part of a self-energy, some complications arise. In the weakly coupled ��4 theory

the lowest contribution to Im⌃ comes from a two-loop diagram which is of the order O(�2)

and since the pinching pole contribution dominates, the one-loop diagram is of the order

O(1/�2) [3]. However, one realizes that there may be momentum exchange between the side

rails of the loop. This is represented by the one-loop rungs connecting the two side rails as

shown in Fig. 2.

FIG. 2: Resummation of ladder diagrams. The insertions of the energy-momentum tensor operator

T̂ xy is denoted by the crossed dots and black dots are the vertices with the coupling constant �.

Each rung introduces a factor of �2 coming from the vertices and a factor of the order

O(1/�2) coming from the pinching poles introduced by the additional pair of propagators.

Therefore, all such multi-loop ladder diagrams contribute at the leading order. They must

be resummed to give the full result in the leading order.

The situation described above holds when the single transport coe�cient, such as the

shear viscosity, is analyzed. In case of the combination ⌘⌧⇡, it gets more involved and it will

be discussed in the next part of this work.

D. Evaluation of ⌘ and ⌘⌧⇡ in the one-loop limit

Before we include all ladder diagrams let us consider first only the one-loop diagram with

the resummed propagators. This is illuminating as we can find the typical scales of ⌘ and

⌘⌧⇡.

• Scrambling/Chaos

C(t) ⇠ h[�ab,�cd][�ab,�cd]i�GR(t) ⇠ pxpyqxqyh[�ab�ab,�cd�cd]i�

C(t) ⇠ GR(t) = �2G��
R (t) +O(�)

Schwinger-Keldysh contour OTOC contour



Schwinger Keldysh Contour

• Ansatz 
 
 
 
 
 
 
gives
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be resummed to give the full result in the leading order.

The situation described above holds when the single transport coe�cient, such as the

shear viscosity, is analyzed. In case of the combination ⌘⌧⇡, it gets more involved and it will

be discussed in the next part of this work.

D. Evaluation of ⌘ and ⌘⌧⇡ in the one-loop limit

Before we include all ladder diagrams let us consider first only the one-loop diagram with

the resummed propagators. This is illuminating as we can find the typical scales of ⌘ and
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Schwinger Keldysh vs OTOC Contour

• SchwKeld

• OTOC

• Ansatz
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Schwinger Keldysh vs OTOC Contour
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• Transport
Grozdanov, Schalm, Scopelliti, 

• Scrambling/Chaos

C(t) ⇠ h[�ab,�cd][�ab,�cd]i�GR(t) ⇠ pxpyqxqyh[�ab�ab,�cd�cd]i�

Schwinger-Keldysh contour OTOC contour
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energy axis and thus they give much smaller contribution to the expressions (110) and (111)

than the pinching poles, and may be safely ignored in further computations. The omission

of these terms constitutes the pinching pole approximation.

Replacement of bare propagators by dressed ones means that we need to deal with the

skeleton expansion where propagators are dressed and vertices remain bare. Here, we are

to study the first loop of this expansion. However, since the thermal width is related to the

imaginary part of a self-energy, some complications arise. In the weakly coupled ��4 theory

the lowest contribution to Im⌃ comes from a two-loop diagram which is of the order O(�2)

and since the pinching pole contribution dominates, the one-loop diagram is of the order

O(1/�2) [3]. However, one realizes that there may be momentum exchange between the side

rails of the loop. This is represented by the one-loop rungs connecting the two side rails as

shown in Fig. 2.

FIG. 2: Resummation of ladder diagrams. The insertions of the energy-momentum tensor operator

T̂ xy is denoted by the crossed dots and black dots are the vertices with the coupling constant �.

Each rung introduces a factor of �2 coming from the vertices and a factor of the order

O(1/�2) coming from the pinching poles introduced by the additional pair of propagators.

Therefore, all such multi-loop ladder diagrams contribute at the leading order. They must

be resummed to give the full result in the leading order.

The situation described above holds when the single transport coe�cient, such as the

shear viscosity, is analyzed. In case of the combination ⌘⌧⇡, it gets more involved and it will

be discussed in the next part of this work.

D. Evaluation of ⌘ and ⌘⌧⇡ in the one-loop limit

Before we include all ladder diagrams let us consider first only the one-loop diagram with

the resummed propagators. This is illuminating as we can find the typical scales of ⌘ and

⌘⌧⇡.

d

dt
f(p, t) =

Z

k

(Rin(p,k)�Rout(p,k))f(k, t)

purely relaxational

f(p, t) ⇠ e�t with �  0

Boltzmann equation (net density) Kinetic equation (gross collisions)

front propagation into unstable states

Saarloos, vBeijeren,
Aleiner, Faoro, Ioffe

f(p, t) ⇠ e�t with �  �max > 0

⇤ : dRout(p,k) = Rout(p,k)� 2�(p� k)Rout(k,k)

⇤



• Chaos follows from kinetic equation for gross energy exchange

This is derived as opposed to ad hoc clock model 
 
 
 
 
 
Qualitatively physics is similar (unstable front dynamics)

d

dt
fk = �fk + f2

k�1 + 2fk�1

k�2X
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d

dt
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k
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�
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This explicitly shows in weakly coupled dilute QFT scrambling 
and diffusion are set by the same dynamics --- even though 
they are not identical.
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• Chaos follows from kinetic equation for gross (energy) exchange 
 

• We have now shown that this holds in general:

For bosonic and fermionic systems (Gross-Neveu model)

Models near a QCP approached from perturbative regime 
(Wilson-Fisher           model)

Shorter derivation using 2PI formalism

• In all cases off-shell Bethe-Salpeter contains both chaos and 
Boltzmann transport. 

One solution ansatz: Boltzmann. Complement: Chaos

pQFT analogue of Maxwell relation: weakly coupled dilute gas.

Pole-skipping….

d

dt
f(p, t) =

Z

k

✏(p)

✏(k)

�
Rin(p,k) +Rout(p,k)� 2�(p� k)Rout(k,k)

�
f(k)

O(N)

Grozdanov, Schalm, Scopelliti,
arXiv:2103.xxxx 



Ultra strongly correlated systems are similar to dilute gases



• Is scrambling rate related to diffusion?

D ⇠ v2

T
⇠ v2LR

�



AdS-CFT duality

strongly coupled field theories without an energy scale (CFT) have a dual description 
as a weakly coupled string theory in negatively curved space time (AdS).

Maldacena ATMP2, 231 (1998); Witten ATMP2, 253 (1998); Gubser, Klebanov, Polyakov, PLB428,105 (1998)

String Theory for Condensed Matter



Holography for Strongly coupled systems

IR UVz

d−1,1

z

R
AdSd+1

minkowski

UV
IR

...

Figure 1: The extra (‘radial’) dimension of the bulk is the resolution scale of the field theory.
The left figure indicates a series of block spin transformations labelled by a parameter z.

The right figure is a cartoon of AdS space, which organizes the field theory information
in the same way. In this sense, the bulk picture is a hologram: excitations with different

wavelengths get put in different places in the bulk image. The connection between these two
pictures is pursued further in [15]. This paper contains a useful discussion of many features of

the correspondence for those familiar with the real-space RG techniques developed recently
from quantum information theory.

of length. Although this is a dimensionful parameter, a scale transformation xµ → λxµ can

be absorbed by rescaling the radial coordinate u→ u/λ (by design); we will see below more

explicitly how this is consistent with scale invariance of the dual theory. It is convenient to

do one more change of coordinates, to z ≡ L2

u , in which the metric takes the form

ds2 =

(
L

z

)2
(

ηµνdx
µdxν + dz2

)

. (2.1)

These coordinates are better because fewer symbols are required to write the metric. z will

map to the length scale in the dual theory.

So it seems that a d-dimensional conformal field theory (CFT) should be related to a

theory of gravity on AdSd+1. This metric (2.1) solves the equations of motion of the following

action (and many others)4

Sbulk[g, . . . ] =
1

16πGN

∫

dd+1x
√
g (−2Λ+R+ . . . ) . (2.2)

Here,
√
g ≡

√

| det g| makes the integral coordinate-invariant, and R is the Ricci scalar

but there is no proof for d > 1 + 1. Without Poincaré invariance, scale invariance definitely does not imply
conformal invariance; indeed there are scale-invariant metrics without Poincaré symmetry, which do not have
have special conformal symmetry [16].

4For verifying statements like this, it can be helpful to use Mathematica or some such thing.
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ZCFT (J) = exp iSon�shell
AdS (�(��AdS = J))

Quantum numbers
Finite Temp

Finite Density
Conserved Current

Energy dynamics

Quantum numbers
AdS Black hole

Extremal AdS black hole
Gauge field

Gravity dynamics

AdS/CFT

works best when d.o.f. are matrices �ij i, j = 1 . . . N with N � 1

semi-classical limit
1

N
! 0



OTOC in holography

• Shockwave calculation in AdS BH

F (t) =
X

hTFD|(W (t)V (0)⌦ 11)(1⌦W (t)V (0))|TFDi

V (0)

W (t)

Roberts, Stanford, Susskind

V (0)

W (t)

tSchw



• Is scrambling rate related to diffusion?

D ⇠ v2

T
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• Is scrambling rate related to diffusion? 
 
 
For “relevant diffusion” (=irrelevant suscep) 

• Refinement: charged systems with mean-field disorder

Thermal diffusivity set by horizon properties only

Blake;
Davison, Fu, Georges, Gu, 

Jensen, Sachdev.

�� ⌘ [⇢]� [µ] > 0D =
d� ✓

��

v2LR

2⇡T

..similar results for massive gravity (mean-field disorder), but fails in general
Lucas, Steinberg;

Gu, Lucas, Qi

DT =
z

2z � 2

v2LR

�L

Blake, Davison, Sachdev

DP = ⌘/sT Policastro, Son, Starinets



• From a physics perspective these are puzzling results:

ZCFT (J) = exp iSon�shell
AdS (�(��AdS = J))

Quantum numbers
Finite Temp

Finite Density
Conserved Current

Energy dynamics

Quantum numbers
AdS Black hole

Extremal AdS black hole
Gauge field

Gravity dynamics



• Shock waves are sound

General metric

Shock wave equation

�(U)

✓
�gh� d

B0

A
h

◆
= 32⇡EA�d(~x)�(U)

ds2d+2 = A(UV )dUdV +B(UV )gijdx
idxj �A(U, V )h(U, ~x)dUdU

vu



• Shock waves are sound

General metric

Shock wave equation

Sound perturbation from AdS/CFT

�(U)

✓
�gh� d

B0

A
h

◆
= 32⇡EA�d(~x)�(U)

�gh(U, ~x)� 2d
B

A
h(U, ~x)� d

B0

A
U

@

@U
h(U, ~x) = 0

ds2d+2 = A(UV )dUdV +B(UV )gijdx
idxj �A(U, V )h(U, ~x)dUdU

for h(U, ~x) ⇠ �(U)h(~x) reduces to shock



• Sound at imaginary values of frequency and momentum

• Hydrodynamical sound (known up to 3rd order analytically)

Relaxational modes: real momentum, complex/imaginary 
frequency 
 
measures relaxation time

Penetration depth: real frequency, complex/imaginary momentum 
 
measures relaxation length (penetration depth)

Doubly imaginary: “temporal response” to “spatial profile”

!(k) = ± 1p
3
k � i

6⇡T
k2 + . . .

! = 2⇡iT = i� , k2 = �µ2 = �6⇡2T 2 = � �2

v2B



• Sound at imaginary values of frequency and momentum

• Hydrodynamical sound (known up to 3rd order analytically)
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• Sound at imaginary values of frequency and momentum

• Hydrodynamical sound (known up to 3rd order analytically)

!(k) = ± 1p
3
k � i

6⇡T
k2 + . . .

! = 2⇡iT = i� , k2 = �µ2 = �6⇡2T 2 = � �2

v2B
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×
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×
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×
×

×
×

×
×

×

Pole-skipping:

 QNM mode residue
vanishes precisely at 

Also happens in SYK.

Direct consequence of the
existence of the shockwave 

solution.

Beautiful GR story: 
non-unique BC 
at the horizon

! = 2⇡iT

[Blake, Lee, Liu]

[Gu, Qi, Stanford]

[Blake, Davison, Grozdanov, Liu]



• In generality 
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1

22

Z
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�
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• Is scrambling related to diffusion?



• Is scrambling related to diffusion?

In two-derivative gravity scrambling is a diffusive sound wave 
on the horizon with 

This explains Blake’s observation and all previous results.

• However,

This does not equal the diffusion constant in the CFT

Even though this also computed on the horizon (special to 
momentum diffusion)

DCFT =
⌘

sT
=

3

4
Dhor

Davison, Fu, Georges, Gu, 
Jensen, Sachdev.

Blake, Davison, Sachdev

D =
v2LR

�L

D

D
=

3 b0(rh)

8⇡T
,
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Physical diffusion
is given by the 
behavior near

by now verified in 
many models

! ⌧ 1

[Blake, Davison, 
Grozdanov,Liu]

Pole-skipping:

 QNM mode residue
vanishes precisely at 

Also happens in SYK.

Direct consequence of the
existence of the shockwave 

solution.

Beautiful GR story: 
non-unique BC 
at the horizon

! = 2⇡iT

[Blake, Lee, Liu]

[Gu, Qi, Stanford]

[Blake, Davison, Grozdanov, Liu]



• A generic system

tmfp thydro-onsett = 0 t = 1

hydro applies

particle picture

applies



tmfp

thydro-onset
t = 0 t = 1

hydro applies
ultra strongly

coupled physics

(conformal/long range entangled)



• Is scrambling related to diffusion?

In two-derivative gravity scrambling is a diffusive sound wave 
on the horizon with 

This explains Blake’s observation and all previous results.

• However,

This does not equal the diffusion constant in the CFT

Even though this also computed on the horizon (special to 
momentum diffusion)

DCFT =
⌘

sT
=

3

4
Dhor

Davison, Fu, Georges, Gu, 
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• Black hole scrambling is hydrodynamics

A revolutionary result:

Scrambling rate/Chaos is a microscopic “particle” property

Diffusion is a macroscopic collective property 
 

• A priori these are set by very different physics

Except: a weakly coupled dilute gas. 
 
 
 
 
 
Famous “first” result of molecular kinetic theory

⌘ =
1

3
m⇢`m.f.p.

p
hv2i

Maxwell



• Black hole scrambling is hydrodynamics

A revolutionary result:

Scrambling rate/Chaos is a microscopic “particle” property

Diffusion is a macroscopic collective property 
 

• A priori these are set by very different physics

Except: a weakly coupled dilute gas. 
 
 
 
 
 
Famous “first” result of molecular kinetic theory
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• Black hole scrambling is hydrodynamics

A revolutionary result:

Scrambling rate/Chaos is a microscopic “particle” property

Diffusion is a macroscopic collective property 
 

• A priori these are set by very different physics

Except: a weakly coupled dilute gas.

Except: two-derivative holography 
 

Maxwell
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3
m
p

hv2i 1

�2�to�2

van Zon, van Beijeren, 
Dellago

� =
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but now it is the macroscopic properties that set ergodicity



Two open questions…
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hydro applies
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applies



tmfpthydro-onsett = 0 t = 1

hydro applies

particle picture

applies

⌘ =
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3
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And there is also a kinetic equation computing chaos!

d

dt
f(p, t) =

Z

k
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tmfp

thydro-onset
t = 0 t = 1

hydro applies
ultra strongly

coupled physics

(conformal/long range entangled)

Ultra strongly coupled systems are similar to weakly coupled dilute gases:
chaos and transport are set by the same physics.



• Crucially these two exceptions rely on the existence of a small 
parameter.
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• OTOC in kicked Ising rotor

Weak Quantum Chaos

Ivan Kukuljan,1 Sašo Grozdanov,2 and Tomaž Prosen1
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Out-of-time-ordered correlation functions (OTOC’s) are presently being extensively debated as
quantifiers of dynamical chaos in interacting quantum many-body systems. We argue that in quan-
tum spin and fermionic systems, where all local operators are bounded, an OTOC of local observables
is bounded as well and thus its exponential growth is merely transient. As a better measure of quan-
tum chaos in such systems, we propose, and study, the density of the OTOC of extensive sums of
local observables, which can exhibit indefinite growth in the thermodynamic limit. We demonstrate
this for the kicked quantum Ising model by using large-scale numerical results and an analytic so-
lution in the integrable regime. In a generic case, we observe the growth of the OTOC density to
be linear in time. We prove that this density in general, locally interacting, non-integrable quan-
tum spin and fermionic dynamical systems exhibits growth that is at most polynomial in time—a
phenomenon, which we term weak quantum chaos. In the special case of the model being integrable
and the observables under consideration quadratic, the OTOC density saturates to a plateau.

Introduction.—Quantum chaos was an active area
of research in the 80’s and 90’s [1–3]. The main suc-
cess of the field was a random matrix theory (RMT)
classification of universal properties of quantum systems
whose classical counterparts are chaotic. The classical
limits of such systems have positive Lyapunov expo-
nents, which characterise exponential sensitivity to ini-
tial conditions—the so-called butterfly e↵ect. However,
since the (classical) definition of the Lyapunov exponent
is based on the concept of phase-space trajectories, one
cannot unambiguously translate it to the quantum realm.
Nevertheless, it has been argued that a weaker prop-

erty of dynamical mixing—a decay of almost all con-
nected temporal correlators—is su�cient to establish
universal quantum chaotic behaviour, such as random
matrix statistics of energy spectra [4] or the universal
exponential decay of Loschmidt echoes [5]. In the theory
of dynamical systems, complex (mixing) dynamics that
displays no exponential butterly e↵ect is referred to as
weak chaos (see Ref. [6] and references therein). Exam-
ples of such dynamical systems include generic polygonal
billiards in which nearby trajectories deviate only lin-
early with time, while correlation functions nevertheless
exhibit mixing [7, 8].
The study of dynamical mixing (now called scrambling)

and Lyapunov chaos in quantum mechanics was recently
revived by the high-energy physics community, initially
in the context of the propagation of information in black
hole backgrounds [9]. In 2014, Kitaev proposed to quan-
tify chaos in interacting quantum many-body systems
[10] in terms of the following out-of-time-ordered (four-
point) correlation function (OTOC):

C (x, t) = �h[wx(t), v0(0)]
2i� , (1)

where wx, vx are local observables and h•i� denotes the
thermal expectation value at inverse temperature �. The
concept is based on a work by Larkin and Ovchinnikov
[11] from 1969, where OTOC was connected to the insta-

bility of semi-classical trajectories of electrons scattered
by impurities in a superconductor. Consequently, ex-
tended quantum systems were defined as chaotic if there
exists a pair of local observables, w and v, such that the
OTOC (1) grows exponentially at early times [11, 12]:

C (x, t) / e
�L(t�|x|/vB)

. (2)

Motivated by the semi-classical picture, �L is referred to
as the Lyapunov exponent and vB the butterfly velocity.
A multitude of works examining the properties of

quantum chaos have recently been written both from the
high-energy perspective (typically in models with long-
range interactions and in theories with holographic grav-
ity duals) and from the condensed matter perspective
(typically in experimentally more feasible models with
local interaction) [12–43].
In this work, we investigate systems with local inter-

actions with extensive number N ! 1 of degrees of
freedom, but with a finite local Hilbert space dimension
D. In any model with a finite D (including all fermionic
and spin lattice models), in which local operators u, v are
bounded, the exponential growth in (2) can be bounded
by operator norm inequalities (the triangular inequality,
kabk  kakkbk and hai

�
 kak):

C (x, t)  4 kvk2 kwk2 . (3)

Thus, the OTOC can only grow exponentially up to a fi-
nite (scrambling) time t⇤, after which it remains bounded
by a constant. This is consistent with the observations
made in other works on OTOC’s (of local observables) in
fermionic systems where OTOC’s were always observed
to reach a plateau [27, 29–33]. As already noted in [28],
the only way for the exponential time evolution to persist
to late times is if there is a small prefactor multiplying
the exponential function in (2). Even in the Sachdev-Ye-
Kitaev (SYK) model with long-range interactions, this
prefactor is 1/N , which becomes small as N ! 1 [15].
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C(t)  t#

<latexit sha1_base64="ut7z8bVDIMpCTWIG2O/dQcbgp2k="></latexit>

The OTOC is polynomially bounded...

In such models the physics of scrambling is 
different 

from the physics of thermalization



• Relation to complexity (inspired by circuit complexity).

<latexit sha1_base64="ErTooxekHX6OiXYdp7W/dtZePfw="></latexit>

Krylov complexity:

Ô ! |Oi in doubled Hilbert space

i
@

@t
|Oi = Hdoubled|Oi

|Oni = H
n
doubled|O0i

construct an orthonormal basis out of|Oni

<latexit sha1_base64="DdYfGG2oyF+n9I9RckAEpoORwQQ="></latexit>

|Ô(t)i =
X

n

�n(t)|Oni

K(t) ⌘
X

n

n|�n(t)|
2

K(t) ⇠ e
2↵t

Claim
<latexit sha1_base64="UMeVf3Ywa4+8vg1LN06VRaZcnA8=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoNBsAq7i8akC9pYWEQwiZBdwt3JbDJk9uHMrBCWNP6KjYUitn6GnX/jbBJBRQ8MHM45lzv3+AlnUlnWh1FYWFxaXimultbWNza3zO2dtoxTQWiLxDwWNz5IyllEW4opTm8SQSH0Oe34o/Pc79xRIVkcXatxQr0QBhELGAGlpZ6553Id7kPvEruc3mLHBZ4ModQzy1bF0qhWcU7smmVrUq/XHKeO7allWWU0R7Nnvrv9mKQhjRThIGXXthLlZSAUI5xOSm4qaQJkBAPa1TSCkEovmx4wwYda6eMgFvpFCk/V7xMZhFKOQ18nQ1BD+dvLxb+8bqqCmpexKEkVjchsUZByrGKct4H7TFCi+FgTIILpv2IyBAFE6c7yEr4uxf+TtlOxq5WTq+Ny42xeRxHtowN0hGx0ihroAjVRCxE0QQ/oCT0b98aj8WK8zqIFYz6zi37AePsEgkyVvA==</latexit>

�L  2↵

Parker, Cao,  Avdoshkin, 
Scaffidi, Altman;

Avdoshkin, Dymarsky.



Conclusion

1. Quantum Chaos from an out-of-time-correlation function 
 

2. Chaos and diffusion 
 

3. A bound on chaos = a bound on diffusion? 
 

4. Ultra strongly correlated systems are similar dilute gases 
 

5. A kinetic equation for semi-classical chaos

No, here, or trivial, or ...

di↵erent time scales: exception dilute gas

C(t) = �h[W (t), V (0)]†[W (t), V (0)]i ⇠ ~2e2�t ⇠ 1

d

dt
f(p, t) =

Z

k

✏(p)

✏(k)

�
Rin(p,k) +Rout(p,k)� 2�(p� k)Rout(k,k)

�
f(k)

Grozdanov, Schalm, Scopelliti, 

Scrambling and di↵usion are set by the same semi-classical physics.

Grozdanov, Schalm, Scopelliti, 
in graphene: Klug, Scheurer, Schmalian



Thank you


