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M.+P. Horodecki, and J. Oppenheim, Reversible transformations from pure to mixed
states, and the unique measure of information, Phys. Rev. A 67, 062104 (2003).
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Theorem. For all € > 0 there is p4(¢) and
pa — pale),  [lpa —pale)ll <e
if and only if spec(pa) > spec(py).
pA = Py

Need large dp for small e.
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D. Jonathan and M. B. Plenio, Entanglement-Assisted Local Manipulation
of Pure Quantum States, Phys. Rev. Lett. 83(17), 3566 (1999).
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Theorem 3 (Ref. [2]). Let p and p’ be quantum states
on A such that p = p’, and let B be a copy of A. Then
there exists a unitary U 4o g such that
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size as A. Moreover, U o can be chosen to leave the
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Answers a question by Bengtsson and Zyczkowski.
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tributions with p* # p'+. Then there exists an extension

Py of ' = ply such that

px @ Py > Dxy (1)

if and only if Ho(p) < Ho(p') and H(p) < H(p).
Moreover, for every € > 0, we can choose Y
and p'yy such that the mutual information is

I(X :Y) = S(Pkylpx ®py) <e

2. Main math. results

Majorization, correlating catalysts, and the one-shot interpretation of entropic quantities M. P. Mdller, M. Lostaglio, M. Pastena, J. Scharlau




Main mathematical results

[0] MM and M. Pastena, A generalization of majorization that characterizes
Shannon entropy, IEEE Trans. Inf. Th. 62(4), 1711-1720 (2016)
[1] MM, Correlating thermal machines and the second law at the nanoscale,
arXiv:1707.03451

Theorem 2 (Ref. [1]). Let p, p’ € R™ be probability dis-
tributions with p* # p'+. Then there exists an extension

Py of ' = ply such that

px @ Py > Dxy (1)

if and only if Ho(p) < Ho(p') and H(p) < H(p).
Moreover, for every € > 0, we can choose Y
and p'yy such that the mutual information is

I(X :Y) = S(Pkylpx ®py) <e

Ho(p) =log#{i:p; #0},  H(p)=—) pilogp;.

2. Main math. results

Majorization, correlating catalysts, and the one-shot interpretation of entropic quantities M. P. Mdller, M. Lostaglio, M. Pastena, J. Scharlau




Catalytic noisy operations

Klimesh/Turgut’s 2007 catalysis result implies:

/
PA noisy PA }up e
E— iff Ho(pa) < Holpla) Vo

TC TC

2. Main math. results

Majorization, correlating catalysts, and the one-shot interpretation of entropic quantities M. P. Mdller, M. Lostaglio, M. Pastena, J. Scharlau




Catalytic noisy operations

Klimesh/Turgut’s 2007 catalysis result implies:

/
PA noisy PA }up e
E— iff Ho(pa) < Holpla) Vo

TC TC

Irp [UACB (pa ® Tc ® 1B) UilCB}

2. Main math. results

Majorization, correlating catalysts, and the one-shot interpretation of entropic quantities M. P. Mdller, M. Lostaglio, M. Pastena, J. Scharlau




Catalytic noisy operations

Klimesh/Turgut’s 2007 catalysis result implies:

/
PA noisy PA }up e
E— iff Ho(pa) < Holpla) Vo

TC TC

2. Main math. results

Majorization, correlating catalysts, and the one-shot interpretation of entropic quantities M. P. Mdller, M. Lostaglio, M. Pastena, J. Scharlau




Catalytic noisy operations

Klimesh/Turgut’s 2007 catalysis result implies:
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Our result implies:

/
PA noisy Pa }“p e
— : :
| ff H(pa) < H(pl)
TC e (von Neumann entropy!)
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Usrc,Hs +Hr + Hc| =0
(energy strictly preserved)
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Theorem: p—p is possible (for block-diagonal states) iff
F.(p) > F,(p") Va (“free energies”).
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Theorem: p—p is possible (for block-diagonal states) iff
F.(p) > F,(p") Va (“free energies”).

F(pa) = Fi(p) = tr(paHa) — kpT'S(pa),
Fo(p) = kBT Sa(pllv) + Fu (7).

Rényi divergence
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Theorem: p — p' is possible{for block-diagonal states) iff
F(p) > F(p') (if work bit not involved).

One-shot operational interpretation of Helmholtz free energy!
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Second laws ——» second law!

In spirit somewhat close to Boltzmann’s
original StoBzahlansatz (1896):

initially
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Second laws ——» second law!

| In spirit somewhat close to Boltzmann’s
original StoBzahlansatz (1896):

initially \ / . correlated
uncorrelated ) &
. | o | ,

Conjecture. Result also true in the
presence of quantum coherence.

3. Quantum thermodynamics

Majorization, correlating catalysts, and the one-shot interpretation of entropic quantities M. P. Mdller, M. Lostaglio, M. Pastena, J. Scharlau




Extractable work / work of formation...
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... are both in general random variables.
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and nanoscale thermodynamics
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If we want reliablility (success prob. > 1 — ¢), then

e extractable work: F§(p) — F'(v)
e work of formation: FZ (p) — F(y)
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... are both in general random variables.

. 1 € n
lim — O/oo(p® ) = F(p).

n—oo M

Work characterized by F only in the thermodynamic limit.

If we want reliability (success prob. > 1 — ¢), then

e extractable work: F§(p) — F'(v)
e work of formation: FZ (p) — F(y)
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Work of formation (when allowing correlations)...
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Theorem. Fix any initial state p s and target state p'y, both block-diagonal, such that F(p'y) > F(pa). Using a work bit
W with some energy gap A larger than, but arbitrarily close to F(p'y) — F(pa), the transition

pA® oy @ le){elw — oanm @ |g)(glw

can be achieved by a thermal operation, where o 4 := Trpr0 aps is arbitrarily close to p'y.
The state oy is exactly identical before and after the transformation, M is finite-dimensional, and the resulting
correlations between A and M can be made arbitrarily small.
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Theorem. Fix any initial state p o and target state p',, both block-diagonal, such that F(pa) > F(p'y). Using a work bit
with energy gap A smaller than, but arbitrarily close to F(pa) — F(py), we can implement the following transition with
a thermal operation, which extracts work A\ without any fluctuations:

(m,n)

PAR oM O Tg ® |g)(glw — cams @ |e)(e|lw.

Here oy = Tragoaprs remains identical during the transformation, og = Tém’n’g), and o 4 is as close to p'y as we like.

This can be achieved for any choice of € > 0, as long as n/m is large enough.
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Theorem. Fix any initial state p o and target state p',, both block-diagonal, such that F(pa) > F(p'y). Using a work bit
with energy gap A smaller than, but arbitrarily close to F(pa) — F(py), we can implement the following transition with
a thermal operation, which extracts work A\ without any fluctuations:

(m,n)

PAR oM O Tg ® |g)(glw — cams @ |e)(e|lw.

Here oy = Tr as0 aprs remains identical during the transformation, og = Tém,n,s), and o 4 is as close to p'y as we like.

This can be achieved for any choice of € > 0, as long as n/m is large enough.

|.e. can make fluctuations arbitrarily small (but not zero).
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small-scale thermodynamics, Phys. Rev. Lett. 115, 150402 (2015).
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. paB) = F(pa ® pp).
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Stochastic independence as a resource

M. Lostaglio, MM, and M. Pastena, Stochastic independence as a resource in
small-scale thermodynamics, Phys. Rev. Lett. 115, 150402 (2015).

Correlating external systems can allow otherwise impossible
state transitions. “Trade fluctuations for correlations.”

The exact opposite of what one would F(

. paB) = F(pa ® pB).
expect from standard thermodynamics!
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Outline

1. Intro: Majorization in quantum information

2. Main mathematical results

3. Implications for
quantum thermodynamic

energy-
preserving
transformation

4. Implications for guantum information (in progress)
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Implications for guantum information

One-shot operational tasks are typically
characterized by one-shot entropies. E.g.:
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week ending
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Catalytic Decoupling of Quantum Information
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Theorem 1: (Catalytic decoupling) For any bipartite () A A
quantum state ¢4 and 0 < 6 < e < 1, we have: I } { I ]
E ® A
1
€ . £—0 .
RC(AaE)Q Silmax(EaA)Q, (11> > A
where < stands for smaller or equal up to terms Tea, (Unar - Up )
O(loglog |A| + log(1/5)). We also have the converse
1 E ® ®
REAE), > S [ (E:A),. (12)
9) A
T B
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Implications for guantum information

One-shot operational tasks are typically
characterized by one-shot entropies.
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Implications for guantum information

One-shot operational tasks are typically
characterized by one-shot entropies.

Given the above, standard entropies might attain one-shot
interpretations if (non-disturbing) correlations are allowed to build up.
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Implications for guantum information

One-shot operational tasks are typically
characterized by one-shot entropies.

Given the above, standard entropies might attain one-shot
interpretations if (non-disturbing) correlations are allowed to build up.

Interesting, for example, because standard entropies have
dual spacetime interpretations:

S. Ryu and T. Takayanagi, Holographic Derivation of Entanglement
Entropy from AdS/CFT, Phys. Rev. Lett. 96, 181602 (20006).
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Implications for guantum information

What'’s possible here? Don’t know (yet).
But here’s an example, following from the above:

4. Quantum information

Majorization, correlating catalysts, and the one-shot interpretation of entropic quantities M. P. Mdller, M. Lostaglio, M. Pastena, J. Scharlau




Implications for guantum information

What'’s possible here? Don’t know (yet).
But here’s an example, following from the above:

4. Quantum information

Majorization, correlating catalysts, and the one-shot interpretation of entropic quantities M. P. Mdller, M. Lostaglio, M. Pastena, J. Scharlau




Implications for guantum information

What'’s possible here? Don’t know (yet).
But here’s an example, following from the above:

A

S(pa) + S(o) + S(uc) = S(Papc) < ) +S(oB) + S(ke)-

e
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Implications for guantum information

What'’s possible here? Don’t know (yet).
But here’s an example, following from the above:

A _ N

Theorem 5. Let p4 and p', be quantum states with full
rank which are not unitaril?/ equivalent, i.e. do not have PA OB pHc
the exact same set of eigenvalues. Then there exists a fi-
nite auxiliary system B, a quantum state o g, and a copy
C' of AB with maximally mixed state uc as well a uni-

tary U s pc such that UAB C

Uapc(pa ® o ® M(J)UI;B(; — ,02430

with marginals p'y on A, p's = op and p;r = pc if and
only if S(pa) < S(p'y) for the von Neumann entropy S.

S(pa) +S(op) + S(pc) = S(Papc) < S(ph) + S(op) + S(uc)-
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Implications for guantum information

Open Questions. Can we do without the C system?
Or recycle BC? And do the same if A is correlated
with some other system (decoupling)?

Relation to versions of the quantum marginal problem.
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Conclusions

e Majorization: some new results
In particular px @ py > pxy © H(X) < H(X')

MM, arXiv:1707.03451 (+refs)
Further with M. Lostaglio, M. Pastena, J. Scharlau, see http://mpmueller.net

e Quantum thermodynamics: standard 2nd law;
natural one-shot interpretation of free energy F

¢ Quantum info: one-shot int. of standard entropies (?)

Thank you!


http://mpmueller.net



