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where µB = 1
|B| with |B| ⌘ dimB is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U†

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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D. Jonathan and M. B. Plenio, Entanglement-Assisted Local Manipulation 
of Pure Quantum States, Phys. Rev. Lett. 83(17), 3566 (1999).

VOLUME 83, NUMBER 17 P H Y S I C A L R E V I E W L E T T E R S 25 OCTOBER 1999

Entanglement-Assisted Local Manipulation of Pure Quantum States

Daniel Jonathan and Martin B. Plenio
Blackett Laboratory, Imperial College, London SW7 2BZ, United Kingdom

(Received 24 May 1999)
We demonstrate that local transformations on a composite quantum system can be enhanced in the

presence of certain entangled states. These extra states act much like catalysts in a chemical reaction:
they allow otherwise impossible local transformations to be realized, without being consumed in any
way. In particular, we show that this effect can considerably improve the efficiency of entanglement
concentration procedures for finite states.

PACS numbers: 03.67.Hk, 89.70.+c

The rapid development of quantum information pro-
cessing in recent years has led us to view quantum-
mechanical entanglement as a useful physical resource
[1]. As with any such resource, there arises naturally the
question of how it can be quantified and manipulated. At-
tempts have been made to find meaningful measures of
entanglement [2–6], and also to uncover the fundamental
laws of its behavior under local quantum operations and
classical communication (LQCC) [2–12]. These laws are
fundamentally and also practically important, since many
applications of quantum information processing involve
spatially separated parties who must manipulate an en-
tangled state without performing joint operations. In this
context, it is generally assumed that entanglement may
be used to perform useful tasks only if it is consumed in
whole or in part. Indeed, this is implicit in the common-
sense notion of a “resource.”

In this Letter we demonstrate that entanglement is, in
fact, a stranger kind of resource, one that can be used
without being consumed at all. More precisely, we show
that the mere presence of an entangled state can al-
low distant parties to realize local transformations that
would otherwise be impossible, or less efficient. Our idea
is best introduced by the following situation, illustrated
in Fig. 1. Imagine that Alice and Bob share a finite-
dimensional entangled state jc1! of two particles, which
they would like to convert, using only LQCC, into the state
jc2!. For some choices of jc1! and jc2! there exists a lo-
cal protocol that accomplishes this task with certainty [9],
but for others it can be done only probabilistically, with
some maximum probability pmax , 1 [10]. Assume the
latter is the case, as indicated by the crossed arrow in the
upper part of Fig. 1. Now suppose that an “entanglement
banker,” let us call him Scrooge, agrees to lend Alice and
Bob another entangled pair of particles jf!, under the con-
dition that exactly the same state must be returned to him
later on. Given this additional state, will Alice and Bob
be able to transform jc1! into jc2! and still return the state
jf! to Scrooge? We suggest to call a transformation of this
kind, which uses intermediate entanglement without con-
suming it, an entanglement-assisted local transformation,
abbreviated by ELQCC. The possible existence of such a

class of transformations has been conjectured by Popescu
[13] (see also [14]).

The main result of this Letter is the proof that
entanglement-assisted local transformations are indeed
more powerful than ordinary local transformations. This
result is significant in a number of ways. First of all,
it provides a concrete mechanism by which Alice and
Bob can enhance their entanglement-manipulation ability.
For example, we will demonstrate that entanglement
concentration is more efficient with ELQCC than with
only LQCC. Moreover, the definition of a meaningful
new class of entanglement transformations demonstrates
that the structure of entanglement, even for pure, bipartite
states, is still not completely understood.

Let us begin then with an explicit example of the power
of entanglement-assisted transformations. The central
tool we will require for this is Nielsen’s theorem [9,11].

Theorem (Nielsen): Let jc1! !
Pn

i!1
p

aijiA! jiB!
and jc2! !

Pm
i!1

p

a0
ijiA! jiB! be pure bipartite states,

with Schmidt coefficients [15], respectively, a1 $ · · · $
an . 0 and a0

1 $ · · · $ a0
m . 0 (we can refer to such

FIG. 1. Alice and Bob share a finite bipartite system in state
jc1!. Using only LQCC they are not able to convert this state
into jc2! with certainty. However, if they are temporarily
supplied with another entangled state jf!, they can always
achieve the transformation from jc1! to jc2!. The state jf!
is not consumed and can therefore be viewed as a catalyst for
this transformation.

3566 0031-9007"99"83(17)"3566(4)$15.00 © 1999 The American Physical Society
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without being consumed at all. More precisely, we show
that the mere presence of an entangled state can al-
low distant parties to realize local transformations that
would otherwise be impossible, or less efficient. Our idea
is best introduced by the following situation, illustrated
in Fig. 1. Imagine that Alice and Bob share a finite-
dimensional entangled state jc1! of two particles, which
they would like to convert, using only LQCC, into the state
jc2!. For some choices of jc1! and jc2! there exists a lo-
cal protocol that accomplishes this task with certainty [9],
but for others it can be done only probabilistically, with
some maximum probability pmax , 1 [10]. Assume the
latter is the case, as indicated by the crossed arrow in the
upper part of Fig. 1. Now suppose that an “entanglement
banker,” let us call him Scrooge, agrees to lend Alice and
Bob another entangled pair of particles jf!, under the con-
dition that exactly the same state must be returned to him
later on. Given this additional state, will Alice and Bob
be able to transform jc1! into jc2! and still return the state
jf! to Scrooge? We suggest to call a transformation of this
kind, which uses intermediate entanglement without con-
suming it, an entanglement-assisted local transformation,
abbreviated by ELQCC. The possible existence of such a

class of transformations has been conjectured by Popescu
[13] (see also [14]).

The main result of this Letter is the proof that
entanglement-assisted local transformations are indeed
more powerful than ordinary local transformations. This
result is significant in a number of ways. First of all,
it provides a concrete mechanism by which Alice and
Bob can enhance their entanglement-manipulation ability.
For example, we will demonstrate that entanglement
concentration is more efficient with ELQCC than with
only LQCC. Moreover, the definition of a meaningful
new class of entanglement transformations demonstrates
that the structure of entanglement, even for pure, bipartite
states, is still not completely understood.

Let us begin then with an explicit example of the power
of entanglement-assisted transformations. The central
tool we will require for this is Nielsen’s theorem [9,11].

Theorem (Nielsen): Let jc1! !
Pn

i!1
p

aijiA! jiB!
and jc2! !

Pm
i!1

p

a0
ijiA! jiB! be pure bipartite states,

with Schmidt coefficients [15], respectively, a1 $ · · · $
an . 0 and a0

1 $ · · · $ a0
m . 0 (we can refer to such

FIG. 1. Alice and Bob share a finite bipartite system in state
jc1!. Using only LQCC they are not able to convert this state
into jc2! with certainty. However, if they are temporarily
supplied with another entangled state jf!, they can always
achieve the transformation from jc1! to jc2!. The state jf!
is not consumed and can therefore be viewed as a catalyst for
this transformation.
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where µB = 1
|B| with |B| ⌘ dimB is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U†

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U†

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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where µB = 1
|B| with |B| ⌘ dimB is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U†

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.

Answers a question by Bengtsson and #yczkowski.



2. Main math. results
Majorization, correlating catalysts, and the one-shot interpretation of entropic quantities M. P. Müller, M. Lostaglio, M. Pastena, J. Scharlau

Main mathematical results



2. Main math. results
Majorization, correlating catalysts, and the one-shot interpretation of entropic quantities M. P. Müller, M. Lostaglio, M. Pastena, J. Scharlau

Main mathematical results

[0] MM and M. Pastena, A generalization of majorization that characterizes 
Shannon entropy, IEEE Trans. Inf. Th. 62(4), 1711-1720 (2016)

[1] MM, Correlating thermal machines and the second law at the nanoscale, 
arXiv:1707.03451



2. Main math. results
Majorization, correlating catalysts, and the one-shot interpretation of entropic quantities M. P. Müller, M. Lostaglio, M. Pastena, J. Scharlau

Main mathematical results

[0] MM and M. Pastena, A generalization of majorization that characterizes 
Shannon entropy, IEEE Trans. Inf. Th. 62(4), 1711-1720 (2016)

[1] MM, Correlating thermal machines and the second law at the nanoscale, 
arXiv:1707.03451

Majorization, correlating catalysts, and the single-shot interpretation of entropic quantities

Markus P. Müller1, 2

1Institute for Quantum Optics and Quantum Information,
Austrian Academy of Sciences, Boltzmanngasse 3, A-1090 Vienna, Austria

2Perimeter Institute for Theoretical Physics, Waterloo, ON N2L 2Y5, Canada
(Dated: September 24, 2017)

Majorization plays an important role in quantum information theory, in particular in the context of entan-
glement theory, the resource theory of purity, and quantum thermodynamics. In this proposed QIP talk, if
accepted, I will collect and present several results obtained with co-authors on that topic. The starting point is
a technical result that relates Shannon and von Neumann entropy to majorization with correlating catalysts [1],
and another one that shows that some transitions can be achieved exactly in the quantum case that can be done
only approximately classically [2]. This has several interesting consequences for single-shot quantum ther-
modynamics [1, 3], where von Neumann entropy and Helmholtz free energy attain operational interpretations
without going to the thermodynamic limit. I argue that it also suggests the exciting possibility that some quan-
tum Shannon theory results can be lifted to formulations where asymptotic entropic quantities attain single-shot
operational interpretations, and give a simple first result in that direction.

I. MAJORIZATION IN ENTANGLEMENT THEORY

The first appearance of majorization in quantum informa-
tion theory is in Nielsen’s Theorem [4]: A pure bipartite state
| i can be transformed into another pure bipartite state |'i by
LOCC (local operations and classical communication) if and
only if �' � � , i.e. the vector of Schmidt coefficients of |'i
majorizes that of | i. Thus, majorization of the Schmidt vec-
tors of states determines whether a given pure state is “more
entangled” than another one, in a precise operational sense.

It was a rather surprising discovery [5] that the notion of
LOCC-interconvertibility changes if one allows for auxiliary
systems that attain the role of catalysts. That is, there are bi-
partite states | i, |'i such that | i 6! |'i (i.e. LOCC opera-
tions cannot convert | i into |'i), but | i ⌦ |ci ! |'i ⌦ |ci,
for some suitable auxiliary pure state |ci. Given examples of
this phenomenon, the natural question arises as to which cri-
terion can decide whether such a “catalyst” |ci exists for any
given pair of pure states | i, |'i with Schmidt vectors p

0
, p

(a criterion which is weaker than p � p
0). This question was

settled by Klimesh [6] and Turgut [7]. Their result makes use
of the Rényi entropies H↵ for ↵ 2 R [ {�1, +1} and the
“Burg entropy” HBurg = 1

m

P
i log pi for p 2 Rm. Denote by

p
# the probability vector p with its entries brought into non-

increasing order. Then Klimesh and Turgut have shown the
following:

Lemma 1 (Klimesh [6], Turgut [7]). Let p, p
0 2 Rm be prob-

ability distributions such that p
# 6= p

0#, and such that at least
one of them has full rank. Then there exists some finite proba-
bility vector r such that p ⌦ r � p

0 ⌦ r if and only if

H↵(p) < H↵(p0) for all ↵ 2 R \ {0}, and
HBurg(p) < HBurg(p

0).

This result answers the question above: basically, one has
to compare the ↵-Rényi entropies of the Schmidt vectors to
decide on catalytic LOCC-interconvertibility of bipartite pure
states.

A large part of what follows below will rely on the follow-
ing result by the present author:

Theorem 2 (Ref. [1]). Let p, p
0 2 Rm be probability dis-

tributions with p
# 6= p

0#. Then there exists an extension
p

0
XY of p

0 ⌘ p
0
X such that

pX ⌦ p
0
Y � p

0
XY (1)

if and only if H0(p)  H0(p0) and H(p) < H(p0).
Moreover, for every " > 0, we can choose Y

and p
0
XY such that the mutual information is

I(X : Y ) ⌘ S(p0
XY kp0

X ⌦ p
0
Y ) < ".

This is similar to Lemma 1 above: on the system X , we have
initially a state pX and finally p

0
X , and there is a catalyst p

0
Y

which remains identical during the process (interpreting the
move from left- to right-hand side as a state transition; more
on that below). The difference is that correlations are allowed
to build up between the two systems. In contrast to Lemma 1,
the insight is that this difference basically singles out Shannon
entropy as the unique indicator of the possibility of (1).

Next we will discuss the implications of this result in an
information-theoretic and a thermodynamic context, in con-
junction with some other results. We have not yet worked out
which interpretation this result allows in the context of en-
tanglement theory. However, given the recent results in [8],
lifting insights from the resource theory of thermodynamics
to that of entanglement, it seems very likely that there will be
interesting implications for entanglement theory as well.

II. IMPLICATIONS FOR THE RESOURCE THEORY OF
PURITY

The resource theory of purity has been introduced in [9].
The main object of study in this resource theory are “noisy
operations”. These are quantum operations � (here for sim-
plicity mapping states on a given finite-dimensional Hilbert
space A to itself) that can be written in the form

�(⇢) = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,



2. Main math. results
Majorization, correlating catalysts, and the one-shot interpretation of entropic quantities M. P. Müller, M. Lostaglio, M. Pastena, J. Scharlau

Main mathematical results

[0] MM and M. Pastena, A generalization of majorization that characterizes 
Shannon entropy, IEEE Trans. Inf. Th. 62(4), 1711-1720 (2016)

[1] MM, Correlating thermal machines and the second law at the nanoscale, 
arXiv:1707.03451

Majorization, correlating catalysts, and the single-shot interpretation of entropic quantities

Markus P. Müller1, 2

1Institute for Quantum Optics and Quantum Information,
Austrian Academy of Sciences, Boltzmanngasse 3, A-1090 Vienna, Austria

2Perimeter Institute for Theoretical Physics, Waterloo, ON N2L 2Y5, Canada
(Dated: September 24, 2017)

Majorization plays an important role in quantum information theory, in particular in the context of entan-
glement theory, the resource theory of purity, and quantum thermodynamics. In this proposed QIP talk, if
accepted, I will collect and present several results obtained with co-authors on that topic. The starting point is
a technical result that relates Shannon and von Neumann entropy to majorization with correlating catalysts [1],
and another one that shows that some transitions can be achieved exactly in the quantum case that can be done
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operational interpretations, and give a simple first result in that direction.

I. MAJORIZATION IN ENTANGLEMENT THEORY

The first appearance of majorization in quantum informa-
tion theory is in Nielsen’s Theorem [4]: A pure bipartite state
| i can be transformed into another pure bipartite state |'i by
LOCC (local operations and classical communication) if and
only if �' � � , i.e. the vector of Schmidt coefficients of |'i
majorizes that of | i. Thus, majorization of the Schmidt vec-
tors of states determines whether a given pure state is “more
entangled” than another one, in a precise operational sense.

It was a rather surprising discovery [5] that the notion of
LOCC-interconvertibility changes if one allows for auxiliary
systems that attain the role of catalysts. That is, there are bi-
partite states | i, |'i such that | i 6! |'i (i.e. LOCC opera-
tions cannot convert | i into |'i), but | i ⌦ |ci ! |'i ⌦ |ci,
for some suitable auxiliary pure state |ci. Given examples of
this phenomenon, the natural question arises as to which cri-
terion can decide whether such a “catalyst” |ci exists for any
given pair of pure states | i, |'i with Schmidt vectors p

0
, p

(a criterion which is weaker than p � p
0). This question was

settled by Klimesh [6] and Turgut [7]. Their result makes use
of the Rényi entropies H↵ for ↵ 2 R [ {�1, +1} and the
“Burg entropy” HBurg = 1

m

P
i log pi for p 2 Rm. Denote by

p
# the probability vector p with its entries brought into non-

increasing order. Then Klimesh and Turgut have shown the
following:

Lemma 1 (Klimesh [6], Turgut [7]). Let p, p
0 2 Rm be prob-

ability distributions such that p
# 6= p

0#, and such that at least
one of them has full rank. Then there exists some finite proba-
bility vector r such that p ⌦ r � p

0 ⌦ r if and only if

H↵(p) < H↵(p0) for all ↵ 2 R \ {0}, and
HBurg(p) < HBurg(p

0).

This result answers the question above: basically, one has
to compare the ↵-Rényi entropies of the Schmidt vectors to
decide on catalytic LOCC-interconvertibility of bipartite pure
states.

A large part of what follows below will rely on the follow-
ing result by the present author:

Theorem 2 (Ref. [1]). Let p, p
0 2 Rm be probability dis-

tributions with p
# 6= p

0#. Then there exists an extension
p

0
XY of p

0 ⌘ p
0
X such that

pX ⌦ p
0
Y � p

0
XY (1)

if and only if H0(p)  H0(p0) and H(p) < H(p0).
Moreover, for every " > 0, we can choose Y

and p
0
XY such that the mutual information is

I(X : Y ) ⌘ S(p0
XY kp0

X ⌦ p
0
Y ) < ".

This is similar to Lemma 1 above: on the system X , we have
initially a state pX and finally p

0
X , and there is a catalyst p

0
Y

which remains identical during the process (interpreting the
move from left- to right-hand side as a state transition; more
on that below). The difference is that correlations are allowed
to build up between the two systems. In contrast to Lemma 1,
the insight is that this difference basically singles out Shannon
entropy as the unique indicator of the possibility of (1).

Next we will discuss the implications of this result in an
information-theoretic and a thermodynamic context, in con-
junction with some other results. We have not yet worked out
which interpretation this result allows in the context of en-
tanglement theory. However, given the recent results in [8],
lifting insights from the resource theory of thermodynamics
to that of entanglement, it seems very likely that there will be
interesting implications for entanglement theory as well.

II. IMPLICATIONS FOR THE RESOURCE THEORY OF
PURITY

The resource theory of purity has been introduced in [9].
The main object of study in this resource theory are “noisy
operations”. These are quantum operations � (here for sim-
plicity mapping states on a given finite-dimensional Hilbert
space A to itself) that can be written in the form

�(⇢) = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

H0(p) = log#{i : pi 6= 0}, H(p) = �
X

i

pi log pi.
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i$ H↵(⇢A)  H↵(⇢

0
A) 8↵.

}up to "
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⇢A

⌧C

noisy

⌧C

⇢0A
i$ H↵(⇢A)  H↵(⇢

0
A) 8↵.

}up to "

TrB
h
UACB (⇢A ⌦ ⌧C ⌦ µB)U

†
ACB

i
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Klimesh/Turgut’s 2007 catalysis result implies:

⇢A

⌧C

noisy

⌧C

⇢0A
i$ H↵(⇢A)  H↵(⇢

0
A) 8↵.

}up to "

Our result implies:

⇢A

⌧C

noisy

⌧C

⇢0A }up to "

i$ H(⇢A)  H(⇢0A)

(von Neumann entropy!)
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where µB = 1
|B| with |B| ⌘ dimB is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢
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0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U†

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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portional to the identity, one recovers the resource theory of
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥0 That is, ∀α≥0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α ∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.

3276 | www.pnas.org/cgi/doi/10.1073/pnas.1411728112 Brandão et al.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies
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thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=
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−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥0 That is, ∀α≥0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α ∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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heat engine which undergoes a cyclic process and is returned
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form ρ into ρ′, one therefore needs to ask whether there exists
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creases. By including an auxiliary system as described in ref. 2,
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one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
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Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α ∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
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conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
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temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥0 That is, ∀α≥0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α ∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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where µB = 1
|B| with |B| ⌘ dimB is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U†

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
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it will become important in Section IV below.
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above results is in the context of single-shot quantum ther-
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malism. In a nutshell, thermodynamics is formulated as a
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where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
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a transition ⇢A ! ⇢
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0 is possible if and only if F↵(⇢) � F↵(⇢0),
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First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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where µB = 1
|B| with |B| ⌘ dimB is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
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UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
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if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
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0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢
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A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-
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noisy transformation” from ⇢ to ⇢

0, denoted
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A) such that
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That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U†

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that
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A) such that
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That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U†

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U†

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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where µB = 1
|B| with |B| ⌘ dimB is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U†
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,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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where µB = 1
|B| with |B| ⌘ dimB is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U†

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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where µB = 1
|B| with |B| ⌘ dimB is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
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0, where p and p
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0): namely, diagonalize ⇢ and
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0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:
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0, and let B be a copy of A. Then

there exists a unitary UAB such that
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0
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,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that
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if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢
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0 if and

only if there exists another finite-dimensional quantum state
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0
A ⌦ �B . That is, exactly as in
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It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢
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0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
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of ⇢
0
A (i.e. TrB⇢

0
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A) such that
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0
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That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U†

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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catalyst work bit W
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machine

energy-
preserving

transformation
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system

⇢
0
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where µB = 1
|B| with |B| ⌘ dimB is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U†

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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Main Result 1. Fix any initial state ⇢A and target state ⇢
0
A

, both block-diagonal in energy. In the setting of Figure 1
(without work bit W ), the transition

⇢A ⌦ �M 7! �AM ,

with �A := TrM�AM arbitrarily close to ⇢
0
A

, can be achieved by a thermal operation if and only if F (⇢A) � F (⇢0
A
), with

F the Helmholtz free energy. Note that the state �M of the thermal machine M is exactly identical before and after the
transformation, and its state space is finite-dimensional.

Furthermore, the Hamiltonian on M can be chosen as HM = 0, and the final correlation between A and M , as
measured by the mutual information I(A : M)� , can be made arbitrarily small (but not in general zero).

The proof is sketched in the Methods (and given in detail in the Appendix). As in earlier work, the catalyst �M will in
general depend on the initial and final states ⇢A, ⇢

0
A

and on the Hamiltonian HA; it will also depend on the amount of correlation
I(A : M)� that the agent is willing to allow to build up. Therefore, we should think of the thermal machine in Figure 1 as
containing a large collection of different catalysts �M . Depending on the situation, the machine will apply the corresponding
suitable catalyst.

Doesn’t the agent have to “know the system state ⇢A” to apply her machine accordingly? The answer to this question is that
the state ⇢A is supposed to model the agent’s knowledge of the system A in the first place, and this interpretation is chosen
implicitly in most works in the present context. For example, the energy cost in Landauer erasure [35, 36] is not necessarily
relying on an objective “delocalization” of a particle in two halves of a box, but is simply due to the agent’s missing knowledge
about whether it will be detected in the left or the right half in any single experimental run. Consequently, the agent can always
choose the catalyst that suits her knowledge of the system as encoded in her state description.

D. Correlating work of formation

We now consider the more general situation that we have an additional work reservoir, containing some energy � � 0 that we
may spend in addition to achieve the state transition. As depicted in Figure 1, this is modelled by a “work bit” W , a two-level
system with energy gap �, that will transition from its excited state |ei to its ground state |gi during this process.

We imagine that this work bit is part of a larger “ladder” of energy levels which we can charge or discharge like a battery in
between thermodynamic cycles. It is therefore crucial to demand that the work bit W does not become correlated with the other
parts of the machine M . One way to ensure this is to demand that W is always exactly, and not just approximately, in an energy
eigenstate. It turns out that we can always achieve this behavior:

Theorem. Fix any initial state ⇢A and target state ⇢
0
A

, both block-diagonal, such that F (⇢0
A
) � F (⇢A). Using a work bit

W with some energy gap � larger than, but arbitrarily close to F (⇢0
A
) � F (⇢A), the transition

⇢A ⌦ �M ⌦ |eihe|W 7! �AM ⌦ |gihg|W

can be achieved by a thermal operation, where �A := TrM�AM is arbitrarily close to ⇢
0
A

.
The state �M is exactly identical before and after the transformation, M is finite-dimensional, and the resulting

correlations between A and M can be made arbitrarily small.

The method to engineer this transition is very similar to that of Main Result 1, except for one important difference: since we are
interested in producing a pure state |gi exactly, we have to make sure that the min-free energy F0, which depends only on the
rank of the state, is non-increasing in the process. But this holds automatically because

F0(|eihe|W ) > F0(|gihg|W )

if � > 0. Thus, the min-free energy introduces no new constraints in the case that we use work to form a state ⇢
0
A

. The
“correlating work of formation” is given by the Helmholtz free energy difference F (⇢0

A
) � F (⇢A).

This means for example that the state transition of Subsection II B can be achieved by spending work � ⇡ .06kBT . This is
now true in the “single-shot” case, without the need for access to a large number of identically prepared systems.

⇢A ⌦ �M ⌦ |eihe|W

�AM ⌦ |gihg|W
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where µB = 1
|B| with |B| ⌘ dimB is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U†

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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Main Result 1. Fix any initial state ⇢A and target state ⇢
0
A

, both block-diagonal in energy. In the setting of Figure 1
(without work bit W ), the transition

⇢A ⌦ �M 7! �AM ,

with �A := TrM�AM arbitrarily close to ⇢
0
A

, can be achieved by a thermal operation if and only if F (⇢A) � F (⇢0
A
), with

F the Helmholtz free energy. Note that the state �M of the thermal machine M is exactly identical before and after the
transformation, and its state space is finite-dimensional.

Furthermore, the Hamiltonian on M can be chosen as HM = 0, and the final correlation between A and M , as
measured by the mutual information I(A : M)� , can be made arbitrarily small (but not in general zero).

The proof is sketched in the Methods (and given in detail in the Appendix). As in earlier work, the catalyst �M will in
general depend on the initial and final states ⇢A, ⇢

0
A

and on the Hamiltonian HA; it will also depend on the amount of correlation
I(A : M)� that the agent is willing to allow to build up. Therefore, we should think of the thermal machine in Figure 1 as
containing a large collection of different catalysts �M . Depending on the situation, the machine will apply the corresponding
suitable catalyst.

Doesn’t the agent have to “know the system state ⇢A” to apply her machine accordingly? The answer to this question is that
the state ⇢A is supposed to model the agent’s knowledge of the system A in the first place, and this interpretation is chosen
implicitly in most works in the present context. For example, the energy cost in Landauer erasure [35, 36] is not necessarily
relying on an objective “delocalization” of a particle in two halves of a box, but is simply due to the agent’s missing knowledge
about whether it will be detected in the left or the right half in any single experimental run. Consequently, the agent can always
choose the catalyst that suits her knowledge of the system as encoded in her state description.

D. Correlating work of formation

We now consider the more general situation that we have an additional work reservoir, containing some energy � � 0 that we
may spend in addition to achieve the state transition. As depicted in Figure 1, this is modelled by a “work bit” W , a two-level
system with energy gap �, that will transition from its excited state |ei to its ground state |gi during this process.

We imagine that this work bit is part of a larger “ladder” of energy levels which we can charge or discharge like a battery in
between thermodynamic cycles. It is therefore crucial to demand that the work bit W does not become correlated with the other
parts of the machine M . One way to ensure this is to demand that W is always exactly, and not just approximately, in an energy
eigenstate. It turns out that we can always achieve this behavior:

Theorem. Fix any initial state ⇢A and target state ⇢
0
A

, both block-diagonal, such that F (⇢0
A
) � F (⇢A). Using a work bit

W with some energy gap � larger than, but arbitrarily close to F (⇢0
A
) � F (⇢A), the transition

⇢A ⌦ �M ⌦ |eihe|W 7! �AM ⌦ |gihg|W

can be achieved by a thermal operation, where �A := TrM�AM is arbitrarily close to ⇢
0
A

.
The state �M is exactly identical before and after the transformation, M is finite-dimensional, and the resulting

correlations between A and M can be made arbitrarily small.

The method to engineer this transition is very similar to that of Main Result 1, except for one important difference: since we are
interested in producing a pure state |gi exactly, we have to make sure that the min-free energy F0, which depends only on the
rank of the state, is non-increasing in the process. But this holds automatically because

F0(|eihe|W ) > F0(|gihg|W )

if � > 0. Thus, the min-free energy introduces no new constraints in the case that we use work to form a state ⇢
0
A

. The
“correlating work of formation” is given by the Helmholtz free energy difference F (⇢0

A
) � F (⇢A).

This means for example that the state transition of Subsection II B can be achieved by spending work � ⇡ .06kBT . This is
now true in the “single-shot” case, without the need for access to a large number of identically prepared systems.

⇢A ⌦ �M ⌦ |eihe|W

�AM ⌦ |gihg|W

, both block-diagonal, such that F (⇢0
A
) � F (⇢A). Using a work bit

, the transition
F (⇢0A) � F (⇢A)Fix any initial state ⇢A and target state ⇢

0
A

, both block-diagonal, such that
with some energy gap � larger than, but arbitrarily close to F (⇢

⌦ ⌦ | ih |

� > F (⇢0A)� F (⇢A)

The state �M is exactly identical before and after the transformation, M is finite-dimensional, and the resulting
correlations between A and M can be made arbitrarily small.�M exactly preserved, dimM < 1.

⇢A ⌦ �M ⌦ |eihe|W 7! �AM ⌦ |g

can be achieved by a thermal operation, where �A := TrM�AM is arbitrarily close to
is exactly identical before and after the transformation,

�A as close to ⇢0A as you like,
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where µB = 1
|B| with |B| ⌘ dimB is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
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of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U†

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.
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(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
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where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
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E. Correlating work extraction, and an open problem

Consider the converse situation: given an initial state ⇢A and a target state ⇢
0
A

such that F (⇢A) � F (⇢0
A
), we would like to

extract work by transforming a work bit from its ground state |gihg|W to its excited state |eihe|W . Here we encounter a problem:
since ⇢A will in general have full rank, the work bit alone lower-bounds the min-free energy difference of the corresponding
transition, namely �F0 = F0(|eihe|W ) � F0(|gihg|W ), and this is a positive amount if the energy gap � is positive.

Thus, unfortunately, the min-free energy condition �F0  0 forbids this transition. If we still insist on producing the
excited state exactly (for the reasons explained in Subsection II D), we need an additional resource: namely, a sink S for the
corresponding entropy S0(⇢) = log rank(⇢), the “max entropy”. A max entropy sink S carries a trivial Hamiltonian, HS = 0,
such that S0(⇢Sk�S) = log dS � S0(⇢S), where dS is the Hilbert space dimension of S. Thus, we can extract min-free energy
by dumping max entropy S0 into S, which can be achieved by increasing the rank of the state of S. For example, if S carries a

state ⌧
(m,n)
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with eigenvalues
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CCA then this extracts min-free energy �F0 = kBT log(n/m) from S.

Since " > 0 can be arbitrarily close to zero, and �F0 does not depend on ", this changes the physical state of S by an arbitrarily
small amount. Thus, we obtain the following:

Theorem. Fix any initial state ⇢A and target state ⇢
0
A

, both block-diagonal, such that F (⇢A) � F (⇢0
A
). Using a work bit

with energy gap � smaller than, but arbitrarily close to F (⇢A) � F (⇢0
A
), we can implement the following transition with

a thermal operation, which extracts work � without any fluctuations:

⇢A ⌦ �M ⌦ ⌧
(m,n)
S

⌦ |gihg|W 7! �AMS ⌦ |eihe|W .

Here �M = TrAS�AMS remains identical during the transformation, �S = ⌧
(m,n,")
S

, and �A is as close to ⇢
0
A

as we like.
This can be achieved for any choice of " > 0, as long as n/m is large enough.

Since the state of the max entropy sink S remains almost unchanged, the agent may measure the state of the sink after the
transition, by checking whether its configuration is one of the (n � m) basis states which have probability zero in the initial
state ⌧

(m,n)
S

. With probability 1 � ", this will yield the answer “no” and restore the original state ⌧
(m,n)
S

due to state updating.
However, even if " > 0 is very small, a large number of repetitions of the thermodynamic cycle will eventually lead to failure of
the protocol.

In other words, the case of work extraction suffers from a deficit that is not present in the case of formation of a state: it
admits only a weaker notion of cyclicity. An additional max entropy sink is needed, and its state is not reset with unit probability
after every cycle. It is well-known that allowing small deviations from cyclicity can lead to quite implausible and unphysical
effects like embezzling of work [10, 68]. Thus, we consider Main Result 3 as only a preliminary answer to the question of the
ultimate limits of work extraction in the setup of this paper. Note that the authors of [10] use a similar construction to dismiss
the F↵-conditions for ↵ < 0.

The main source of the problem is to insist on producing the excited state |ei exactly. If we allow that this state is only
obtained approximately, and possibly correlated with the system M , then we obtain a valid alternative to Main Result 3 without
any max entropy sink (simply by applying Main Result 1). The problem is that correlations between W and M may potentially
compromise the working of the machine in further cycles. This leads to the question whether it can be ensured that W remains
uncorrelated with all other systems even if we drop the condition that it is in an exact eigenstate:

Open Problem. Can we formulate a suitable version of Main Result 3 which allows the state of the work bit to be slightly
mixed (dropping the max entropy sink), but which ensures nevertheless that it remains perfectly uncorrelated with all other
systems (in particular M )?

This should be achieved in a way that allows to accumulate work over many extraction cycles without degrading its
“quality” (fidelity with an eigenstate) and without the need for increasing resources or precision.

We conjecture that the answer is “yes”, and that it will lead to the same expression for the amount of work that can be extracted
in the correlating scenario of this paper as suggested by Main Result 3, namely F (⇢A) � F (⇢0

A
). A possible approach could be

… becomes exactly &F, but
we need a “max-entropy sink”.
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where µB = 1
|B| with |B| ⌘ dimB is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U†

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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E. Correlating work extraction, and an open problem

Consider the converse situation: given an initial state ⇢A and a target state ⇢
0
A

such that F (⇢A) � F (⇢0
A
), we would like to

extract work by transforming a work bit from its ground state |gihg|W to its excited state |eihe|W . Here we encounter a problem:
since ⇢A will in general have full rank, the work bit alone lower-bounds the min-free energy difference of the corresponding
transition, namely �F0 = F0(|eihe|W ) � F0(|gihg|W ), and this is a positive amount if the energy gap � is positive.

Thus, unfortunately, the min-free energy condition �F0  0 forbids this transition. If we still insist on producing the
excited state exactly (for the reasons explained in Subsection II D), we need an additional resource: namely, a sink S for the
corresponding entropy S0(⇢) = log rank(⇢), the “max entropy”. A max entropy sink S carries a trivial Hamiltonian, HS = 0,
such that S0(⇢Sk�S) = log dS � S0(⇢S), where dS is the Hilbert space dimension of S. Thus, we can extract min-free energy
by dumping max entropy S0 into S, which can be achieved by increasing the rank of the state of S. For example, if S carries a

state ⌧
(m,n)
S

with eigenvalues

0

B@
1

m
, . . . ,

1

m| {z }
m

, 0, . . . , 0| {z }
n�m

1

CA and this state is transformed into a state ⌧
(m,n,")
S

(for some small " > 0)

with eigenvalues

0

BB@
1 � "

m
, . . . ,

1 � "

m| {z }
m

,
"

n � m
, . . . ,

"

n � m| {z }
n�m

1

CCA then this extracts min-free energy �F0 = kBT log(n/m) from S.

Since " > 0 can be arbitrarily close to zero, and �F0 does not depend on ", this changes the physical state of S by an arbitrarily
small amount. Thus, we obtain the following:

Theorem. Fix any initial state ⇢A and target state ⇢
0
A

, both block-diagonal, such that F (⇢A) � F (⇢0
A
). Using a work bit

with energy gap � smaller than, but arbitrarily close to F (⇢A) � F (⇢0
A
), we can implement the following transition with

a thermal operation, which extracts work � without any fluctuations:

⇢A ⌦ �M ⌦ ⌧
(m,n)
S

⌦ |gihg|W 7! �AMS ⌦ |eihe|W .

Here �M = TrAS�AMS remains identical during the transformation, �S = ⌧
(m,n,")
S

, and �A is as close to ⇢
0
A

as we like.
This can be achieved for any choice of " > 0, as long as n/m is large enough.

Since the state of the max entropy sink S remains almost unchanged, the agent may measure the state of the sink after the
transition, by checking whether its configuration is one of the (n � m) basis states which have probability zero in the initial
state ⌧

(m,n)
S

. With probability 1 � ", this will yield the answer “no” and restore the original state ⌧
(m,n)
S

due to state updating.
However, even if " > 0 is very small, a large number of repetitions of the thermodynamic cycle will eventually lead to failure of
the protocol.

In other words, the case of work extraction suffers from a deficit that is not present in the case of formation of a state: it
admits only a weaker notion of cyclicity. An additional max entropy sink is needed, and its state is not reset with unit probability
after every cycle. It is well-known that allowing small deviations from cyclicity can lead to quite implausible and unphysical
effects like embezzling of work [10, 68]. Thus, we consider Main Result 3 as only a preliminary answer to the question of the
ultimate limits of work extraction in the setup of this paper. Note that the authors of [10] use a similar construction to dismiss
the F↵-conditions for ↵ < 0.

The main source of the problem is to insist on producing the excited state |ei exactly. If we allow that this state is only
obtained approximately, and possibly correlated with the system M , then we obtain a valid alternative to Main Result 3 without
any max entropy sink (simply by applying Main Result 1). The problem is that correlations between W and M may potentially
compromise the working of the machine in further cycles. This leads to the question whether it can be ensured that W remains
uncorrelated with all other systems even if we drop the condition that it is in an exact eigenstate:

Open Problem. Can we formulate a suitable version of Main Result 3 which allows the state of the work bit to be slightly
mixed (dropping the max entropy sink), but which ensures nevertheless that it remains perfectly uncorrelated with all other
systems (in particular M )?

This should be achieved in a way that allows to accumulate work over many extraction cycles without degrading its
“quality” (fidelity with an eigenstate) and without the need for increasing resources or precision.

We conjecture that the answer is “yes”, and that it will lead to the same expression for the amount of work that can be extracted
in the correlating scenario of this paper as suggested by Main Result 3, namely F (⇢A) � F (⇢0

A
). A possible approach could be

I.e. can make fluctuations arbitrarily small (but not zero).

… becomes exactly &F, but
we need a “max-entropy sink”.



3. Quantum thermodynamics
Majorization, correlating catalysts, and the one-shot interpretation of entropic quantities M. P. Müller, M. Lostaglio, M. Pastena, J. Scharlau

Stochastic independence as a resource



3. Quantum thermodynamics
Majorization, correlating catalysts, and the one-shot interpretation of entropic quantities M. P. Müller, M. Lostaglio, M. Pastena, J. Scharlau

Stochastic independence as a resource
M. Lostaglio, MM, and M. Pastena, Stochastic independence as a resource in 
small-scale thermodynamics, Phys. Rev. Lett. 115, 150402 (2015).



3. Quantum thermodynamics
Majorization, correlating catalysts, and the one-shot interpretation of entropic quantities M. P. Müller, M. Lostaglio, M. Pastena, J. Scharlau

Stochastic independence as a resource
M. Lostaglio, MM, and M. Pastena, Stochastic independence as a resource in 
small-scale thermodynamics, Phys. Rev. Lett. 115, 150402 (2015).

Intermediate (weaker) math. result gives:

Stochastic Independence as a Resource in Small-Scale Thermodynamics
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It is well known in thermodynamics that the creation of correlations costs work. It seems then a truism
that if a thermodynamic transformation A → B is impossible, so will be any transformation that in sending
A to B also correlates among them some auxiliary systems C. Surprisingly, we show that this is not the case
for nonequilibrium thermodynamics of microscopic systems. On the contrary, the creation of correlations
greatly extends the set of accessible states, to the point that we can perform on individual systems and in a
single shot any transformation that would otherwise be possible only if the number of systems involved was
very large. We also show that one only ever needs to create a vanishingly small amount of correlations
(as measured by mutual information) among a small number of auxiliary systems (never more than three).
The many, severe constraints of microscopic thermodynamics are reduced to the sole requirement that the
nonequilibrium free energy decreases in the transformation. This shows that, in principle, reliable
extraction of work equal to the free energy of a system can be performed by microscopic engines.

DOI: 10.1103/PhysRevLett.115.150402 PACS numbers: 05.30.-d, 03.67.-a, 05.70.Ln

Single-shot thermodynamics studies nonequilibrium
transformations of a small number of microscopic systems
in contact with a heat bath. It departs substantially from the
familiar description of equilibrium situations: the work
necessary to create a state does not coincide with the work
that can be extracted from it [1]; necessary and sufficient
conditions for the existence of a thermodynamic trans-
formation connecting two nonequilibrium states involve
an infinite family of free energies fFαg [2]; the quality of
the extracted work must be carefully assessed due to
fluctuations [3,4]. New tools and concepts are indeed
needed in this regime and we can now ask (and partially
answer) many questions beyond those allowed in standard
approaches [5–14].
In this Letter we focus on the role of correlations in this

regime. We consider the general scenario in which, given a
system in any out-of-equilibrium state ρ, we want to obtain
a target state σ. We can use a thermal bath and auxiliary
systems c1;…; cN that catalyze the transformation, but are
given back unchanged. Severe constraints need to be met
for such a transformation to exist [2]. Here, we study what
happens if we allow the auxiliary systems to get correlated
in the process (see Fig. 1).
At first glance it seems that this cannot be of any help,

because the creation of correlations increases the free
energy of the auxiliary systems. Hence, the argument
goes, the creation of correlations is yet another obstacle
to the requirement that the free energy has to decrease
in the process. However, there is much more to single-shot
thermodynamics than just “the” free energy. Surprisingly,
we show that the creation of correlations greatly enlarges

the set of states that can be obtained from ρ. Indeed, any
transformation that decreases the free energy becomes
possible in the single-shot regime. In other words, all
transformations that would be possible in the thermody-
namic limit of processing n → ∞ uncorrelated copies of a
system [10,15] become possible on individual systems.
This gives a single-shot operational meaning to the free
energy and shows that if an engine can access uncorrelated
auxiliary systems, it can operate as if it was reversible, even
in extreme thermodynamic regimes. We also show that the
correlations that one needs to create for this purpose are
always vanishingly small.
In this work we will focus on quantum states initially

incoherent in energy. Notice that since all states in this
Letter are block diagonal in the energy eigenbasis, we
identify quantum states and the vector of their eigenvalues.

FIG. 1 (color online). The general scenario. A quantum state ρ
is transformed into a state σ exploiting a thermal bath and
auxiliary systems that ease the transformation, but are given back
unchanged at the end. If correlations can be created among the
auxiliary systems, we prove that such a transformation is possible
if and only if FðρÞ ≥FðσÞ.

PRL 115, 150402 (2015) P HY S I CA L R EV I EW LE T T ER S
week ending
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0031-9007=15=115(15)=150402(5) 150402-1 © 2015 American Physical Society



3. Quantum thermodynamics
Majorization, correlating catalysts, and the one-shot interpretation of entropic quantities M. P. Müller, M. Lostaglio, M. Pastena, J. Scharlau

Stochastic independence as a resource
M. Lostaglio, MM, and M. Pastena, Stochastic independence as a resource in 
small-scale thermodynamics, Phys. Rev. Lett. 115, 150402 (2015).

Intermediate (weaker) math. result gives:

Stochastic Independence as a Resource in Small-Scale Thermodynamics

Matteo Lostaglio,1 Markus P. Müller,2,3,4 and Michele Pastena4
1Department of Physics, Imperial College London, London SW7 2AZ, United Kingdom

2Department of Applied Mathematics, Department of Philosophy, University of Western Ontario,
London, Ontario N6A 5BY, Canada

3Perimeter Institute for Theoretical Physics, Waterloo, Ontario N2L 2Y5, Canada
4Institut für Theoretische Physik, Universität Heidelberg, Philosophenweg 19, D-69120 Heidelberg, Germany

(Received 4 December 2014; revised manuscript received 28 July 2015; published 9 October 2015)

It is well known in thermodynamics that the creation of correlations costs work. It seems then a truism
that if a thermodynamic transformation A → B is impossible, so will be any transformation that in sending
A to B also correlates among them some auxiliary systems C. Surprisingly, we show that this is not the case
for nonequilibrium thermodynamics of microscopic systems. On the contrary, the creation of correlations
greatly extends the set of accessible states, to the point that we can perform on individual systems and in a
single shot any transformation that would otherwise be possible only if the number of systems involved was
very large. We also show that one only ever needs to create a vanishingly small amount of correlations
(as measured by mutual information) among a small number of auxiliary systems (never more than three).
The many, severe constraints of microscopic thermodynamics are reduced to the sole requirement that the
nonequilibrium free energy decreases in the transformation. This shows that, in principle, reliable
extraction of work equal to the free energy of a system can be performed by microscopic engines.

DOI: 10.1103/PhysRevLett.115.150402 PACS numbers: 05.30.-d, 03.67.-a, 05.70.Ln

Single-shot thermodynamics studies nonequilibrium
transformations of a small number of microscopic systems
in contact with a heat bath. It departs substantially from the
familiar description of equilibrium situations: the work
necessary to create a state does not coincide with the work
that can be extracted from it [1]; necessary and sufficient
conditions for the existence of a thermodynamic trans-
formation connecting two nonequilibrium states involve
an infinite family of free energies fFαg [2]; the quality of
the extracted work must be carefully assessed due to
fluctuations [3,4]. New tools and concepts are indeed
needed in this regime and we can now ask (and partially
answer) many questions beyond those allowed in standard
approaches [5–14].
In this Letter we focus on the role of correlations in this

regime. We consider the general scenario in which, given a
system in any out-of-equilibrium state ρ, we want to obtain
a target state σ. We can use a thermal bath and auxiliary
systems c1;…; cN that catalyze the transformation, but are
given back unchanged. Severe constraints need to be met
for such a transformation to exist [2]. Here, we study what
happens if we allow the auxiliary systems to get correlated
in the process (see Fig. 1).
At first glance it seems that this cannot be of any help,

because the creation of correlations increases the free
energy of the auxiliary systems. Hence, the argument
goes, the creation of correlations is yet another obstacle
to the requirement that the free energy has to decrease
in the process. However, there is much more to single-shot
thermodynamics than just “the” free energy. Surprisingly,
we show that the creation of correlations greatly enlarges

the set of states that can be obtained from ρ. Indeed, any
transformation that decreases the free energy becomes
possible in the single-shot regime. In other words, all
transformations that would be possible in the thermody-
namic limit of processing n → ∞ uncorrelated copies of a
system [10,15] become possible on individual systems.
This gives a single-shot operational meaning to the free
energy and shows that if an engine can access uncorrelated
auxiliary systems, it can operate as if it was reversible, even
in extreme thermodynamic regimes. We also show that the
correlations that one needs to create for this purpose are
always vanishingly small.
In this work we will focus on quantum states initially

incoherent in energy. Notice that since all states in this
Letter are block diagonal in the energy eigenbasis, we
identify quantum states and the vector of their eigenvalues.

FIG. 1 (color online). The general scenario. A quantum state ρ
is transformed into a state σ exploiting a thermal bath and
auxiliary systems that ease the transformation, but are given back
unchanged at the end. If correlations can be created among the
auxiliary systems, we prove that such a transformation is possible
if and only if FðρÞ ≥FðσÞ.

PRL 115, 150402 (2015) P HY S I CA L R EV I EW LE T T ER S
week ending

9 OCTOBER 2015

0031-9007=15=115(15)=150402(5) 150402-1 © 2015 American Physical Society

Correlating external systems can allow otherwise impossible
state transitions.
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the set of states that can be obtained from ρ. Indeed, any
transformation that decreases the free energy becomes
possible in the single-shot regime. In other words, all
transformations that would be possible in the thermody-
namic limit of processing n → ∞ uncorrelated copies of a
system [10,15] become possible on individual systems.
This gives a single-shot operational meaning to the free
energy and shows that if an engine can access uncorrelated
auxiliary systems, it can operate as if it was reversible, even
in extreme thermodynamic regimes. We also show that the
correlations that one needs to create for this purpose are
always vanishingly small.
In this work we will focus on quantum states initially

incoherent in energy. Notice that since all states in this
Letter are block diagonal in the energy eigenbasis, we
identify quantum states and the vector of their eigenvalues.

FIG. 1 (color online). The general scenario. A quantum state ρ
is transformed into a state σ exploiting a thermal bath and
auxiliary systems that ease the transformation, but are given back
unchanged at the end. If correlations can be created among the
auxiliary systems, we prove that such a transformation is possible
if and only if FðρÞ ≥FðσÞ.
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Correlating external systems can allow otherwise impossible
state transitions.
The exact opposite of what one would
expect from standard thermodynamics!

F (⇢AB) � F (⇢A ⌦ ⇢B).
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It is well known in thermodynamics that the creation of correlations costs work. It seems then a truism
that if a thermodynamic transformation A → B is impossible, so will be any transformation that in sending
A to B also correlates among them some auxiliary systems C. Surprisingly, we show that this is not the case
for nonequilibrium thermodynamics of microscopic systems. On the contrary, the creation of correlations
greatly extends the set of accessible states, to the point that we can perform on individual systems and in a
single shot any transformation that would otherwise be possible only if the number of systems involved was
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nonequilibrium free energy decreases in the transformation. This shows that, in principle, reliable
extraction of work equal to the free energy of a system can be performed by microscopic engines.
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in the process (see Fig. 1).
At first glance it seems that this cannot be of any help,
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FIG. 1 (color online). The general scenario. A quantum state ρ
is transformed into a state σ exploiting a thermal bath and
auxiliary systems that ease the transformation, but are given back
unchanged at the end. If correlations can be created among the
auxiliary systems, we prove that such a transformation is possible
if and only if FðρÞ ≥FðσÞ.
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Correlating external systems can allow otherwise impossible
state transitions. “Trade fluctuations for correlations.”
The exact opposite of what one would
expect from standard thermodynamics!

F (⇢AB) � F (⇢A ⌦ ⇢B).
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where µB = 1
|B| with |B| ⌘ dimB is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U†

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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Catalytic Decoupling of Quantum Information
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The decoupling technique is a fundamental tool in quantum information theory with applications
ranging from thermodynamics to many-body physics and black hole radiation whereby a quantum system
is decoupled from another one by discarding an appropriately chosen part of it. Here, we introduce catalytic
decoupling, i.e., decoupling with the help of an independent system. Thereby, we remove a restriction on
the standard decoupling notion and present a tight characterization in terms of the max-mutual information.
The novel notion unifies various tasks and leads to a resource theory of decoupling.

DOI: 10.1103/PhysRevLett.118.080503

Introduction.—Erasing correlations between quantum
systems via local operations, decoupling, is a task that
was first studied in the context of quantum information
theory [1] (see [2] for an introductory tutorial). It serves as a
building block for a variety of tasks in quantum information
and quantum cryptography. In particular, decoupling has
been crucial for understanding how to distribute quantum
information between different parties [3–7] and for under-
standing how to send quantum information over noisy
quantum channels [8–11], as well as randomness extraction
[12]. The concept is, however, also very useful in physics
(as, e.g., outlined in [13]). Applications range from
quantum thermodynamics [14–16] to the studies of black
hole radiation [17–19] and solid state physics [20].
Standard decoupling.—The basic idea behind decou-

pling is the following: if a mixed bipartite quantum state
ϱAE is only weakly correlated, then it should suffice to erase
a small part of A to approximately decouple A from E, i.e.,
to get an approximate product state [see Fig. 1(a)]. More
precisely, we say that a bipartite quantum state ϱAE is
ε-decoupled by the partial trace map T A→A1

ð·Þ¼TrA2
½·%,

with A ¼ A1A2 if there exists a unitary operation UA such
that

min
ωA1

⊗ωE
P½T A→A1

ðUAϱAEU
†
AÞ;ωA1

⊗ ωE%≤ε; ð1Þ

where the minimum is over all product quantum states
ωA1

⊗ ωE, and Pðβ; γÞ ≔ ð1−∥
ffiffiffi
β

p ffiffiffi
γ

p ∥21Þ1=2 denotes the
purified distance [21]. The A1 system is called the
decoupled system and the A2 system, the remainder
system—when trying to decouple A from E, we succeed
on A1, and A2 is the remainder we fail to decouple. The
fundamental question that we want to discuss is how large
we have to choose the remainder system A2 in order to
achieve ε-decoupling. We denote the minimal remainder
system size, i.e., the logarithm of the minimal remainder
system dimension, for ε-decoupling A from E in a state ϱAE

by RεðA;EÞϱ. For a formal definition of RεðA;EÞϱ, see
Supplemental Material, Definition 18 [22].
Converse.—We first show quite naturally that RεðA;EÞϱ

has to be at least the size of the smooth max-mutual
information IεmaxðE∶AÞϱ present in the initial state ϱAE. This
measure is defined as [11]

IεmaxðE;AÞϱ ≔ min
ϱ̄

ImaxðE;AÞϱ̄; with ð2Þ

ImaxðE;AÞϱ̄ ≔ logmin fTrσAjσA ⊗ ϱ̄E ≥ ϱ̄AEg; ð3Þ

where the minimum in (2) is over all bipartite quantum
states, with PðϱAE; ϱ̄AEÞ ≤ε [32], and the minimum in (3)
is over all σA ≥ 0. We note that the definition of the smooth
max-mutual information is a priori not symmetric in A∶E.
However, we have [33]

IεmaxðE;AÞϱ ≈ IεmaxðA;EÞϱ; ð4Þ

where ≈ stands for equality up to terms O( logð1=εÞ). For
the converse, we exploit that the smooth max-mutual
information is invariant under local unitary operations

(b)(a)

FIG. 1. Schematic representation of (a) standard and (b)
catalytic decoupling: tracing out a system A2 leaves system A1

decoupled from E. While there is no ancilla for standard
decoupling as in (a), catalytic decoupling as in (b) allows us
to make use of an additional, already decoupled system A0. The
basic question is how large we have to choose the system A2 such
that system A1 is decoupled from E.

PRL 118, 080503 (2017) P HY S I CA L R EV I EW LE T T ER S
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Holographic Derivation of Entanglement Entropy from AdS/CFT

Shinsei Ryu and Tadashi Takayanagi
Kavli Institute for Theoretical Physics, University of California, Santa Barbara, CA 93106, USA

(Dated: February 1, 2008)

A holographic derivation of the entanglement entropy in quantum (conformal) field theories is
proposed from AdS/CFT correspondence. We argue that the entanglement entropy in d +1 dimen-
sional conformal field theories can be obtained from the area of d dimensional minimal surfaces in
AdSd+2, analogous to the Bekenstein-Hawking formula for black hole entropy. We show that our
proposal perfectly reproduces the correct entanglement entropy in 2D CFT when applied to AdS3.
We also compare the entropy computed in AdS5×S5 with that of the free N = 4 super Yang-Mills.

I. INTRODUCTION

One of the most remarkable successes in gravitational
aspects of string theory is the microscopic derivation of
the Bekenstein-Hawking entropy SBH

SBH =
Area of horizon

4GN
, (1.1)

for BPS black holes [1]. This idea relates the gravi-
tational entropy with the degeneracy of quantum field
theory as its microscopic description. Taking near hori-
zon limit, we can regard this as a special example of
AdS/CFT correspondence [2, 3, 4]. It claims that the
d + 1 dimensional conformal field theories (CFTd+1) are
equivalent to the (super)gravity on d+2 dimensional anti-
deSitter space AdSd+2. We expect that each CFT is sit-
ting at the boundary of AdS space.

On the other hand, there is a different kind of entropy
called entanglement entropy (von-Neumann entropy) in
quantum mechanical systems. The entanglement entropy

SA = −trA ρA log ρA, ρA = trB |Ψ⟩⟨Ψ|, (1.2)

provides us with a convenient way to measure how closely
entangled (or how “quantum”) a given wave function |Ψ⟩
is. Here, the total system is divided into two subsystems
A and B and ρA is the reduced density matrix for the
subsystem A obtained by taking a partial trace over the
subsystem B of the total density matrix ρ = |Ψ⟩⟨Ψ|. In-
tuitively, we can think SA as the entropy for an observer
who is only accessible to the subsystem A and cannot
receive any signals from B. In this sense, the subsystem
B is analogous to the inside of a black hole horizon for an
observer sitting in A, i.e., outside of the horizon. Indeed,
an original motivation of the entanglement entropy was
its similarity to the Bekenstein-Hawking entropy [5, 6].

The entanglement entropy is of growing importance
in many fields of physics in our exploration for better
understanding of quantum systems. For example, in a
modern trend of condensed matter physics it has been
becoming clear that quantum phases of matter need to be
characterized by their pattern of entanglement encoded
in many-body wave functions of ground states, rather
than conventional order parameters [7, 8, 9]. Recently,
the entanglement entropy has been extensively studied in
low-dimensional quantum many-body systems as a new

tool to investigate the nature of quantum criticality (refer
to [10] and references therein for example).

For one-dimensional (1D) quantum many-body sys-
tems at criticality (i.e. 2D CFT), it is known that the
entanglement entropy is given by [10, 11]

SA =
c

3
· log

(

L

πa
sin

(

πl

L

))

, (1.3)

where l and L are the length of the subsystem A and
the total system A ∪ B (both ends of A ∪ B are peri-
odically identified), respectively; a is a ultra violet (UV)
cutoff (lattice spacing); c is the central charge of the CFT.
When we are away from criticality, Eq. (1.3) is replaced
by [7, 10]

SA =
c

6
· A · log

ξ

a
, (1.4)

where ξ is the correlation length and A is the number of
boundary points of A (e.g. A = 2 in the setup of (1.3)).

In spite of these recent developments, and its simi-
larity to the black hole entropy, a comprehensive gravi-
tational interpretation of the entanglement entropy has
been lacking so far. Here, we present a simple proposal
on this issue in the light of AdS/CFT duality. Earlier
discussions from different viewpoints can be found in e.g.
papers [12, 13]. Define the entanglement entropy SA in
a CFT on R1,d (or R×Sd) for a subsystem A that has an
arbitrary d − 1 dimensional boundary ∂A ∈ Rd (or Sd).
In this setup we propose the following ‘area law’

SA =
Area of γA

4G(d+2)
N

, (1.5)

where γA is the d dimensional static minimal surface in

AdSd+2 whose boundary is given by ∂A, and G(d+2)
N is

the d + 2 dimensional Newton constant. Intuitively, this
suggests that the minimal surface γA plays the role of a
holographic screen for an observer who is only accessible
to the subsystem A. We show explicitly the relation (1.5)
in the lowest dimensional case d = 1, where γA is given
by a geodesic line in AdS3. We also compute SA from the
gravity side for general d and compare it with field theory
results, which is successful at least qualitatively. From
(1.5), it is readily seen that the basic properties of the
entanglement entropy (i) SA = SB (B is the complement

2
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2πl/L

B

A
γA ρ
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FIG. 1: (a) AdS3 space and CFT2 living on its boundary
and (b) a geodesics γA as a holographic screen.

of A) and (ii) SA1
+ SA2

≥ SA1∪A2
(subadditivity) are

satisfied.
We can also define the entanglement entropy at finite

temperature T = β−1. E.g. in a 2D CFT on a infinitely
long line, it is given by replacing L in Eq. (1.3) with iβ
[10]. We argue that Eq. (1.5) still holds in T > 0 cases.
Note that SA = SB is no longer true if T > 0 since ρ
is in a mixed state generically. At high temperature, we
will see that this occurs due to the presence of black hole
horizon in the dual gravity description.

II. ENTANGLEMENT ENTROPY IN AdS3/CFT2

Let us start with the entanglement entropy in 2D
CFTs. According to AdS/CFT correspondence, gravi-
tational theories on AdS3 space of radius R are dual to
(1+1)D CFTs with the central charge [14]

c =
3R

2G(3)
N

. (2.1)

The metric of AdS3 in the global coordinate (t, ρ, θ) is

ds2 = R2
(

− cosh ρ2dt2 + dρ2 + sinh ρ2dθ2
)

. (2.2)

At the boundary ρ = ∞ of AdS3 the metric is divergent.
To regulate physical quantities we put a cutoff ρ0 and
restrict the space to the bounded region ρ ≤ ρ0. This
procedure corresponds to the UV cutoff in the dual CFTs
[15]. If L is the total length of the system with both ends
identified, and a is the lattice spacing (or UV cutoff) in
the CFTs, we have the relation (up to a numerical factor)

eρ0 ∼ L/a. (2.3)

The (1+1)D spacetime for the CFT2 is identified with
the cylinder (t, θ) at the boundary ρ = ρ0. The subsys-
tem A is the region 0 ≤ θ ≤ 2πl/L. Then γA in Eq. (1.5)
is identified with the static geodesic that connects the
boundary points θ = 0 and 2πl/L with t fixed, traveling
inside AdS3 (Fig. 1 (a)). With the cutoff ρ0 introduced
above, the geodesic distance LγA is given by

cosh

(

LγA

R

)

= 1 + 2 sinh2 ρ0 sin2 πl

L
. (2.4)

Assuming the large UV cutoff eρ0 ≫ 1, the entropy
(1.5) is expressed as follows, using Eq. (2.1)

SA≃ R

4G(3)
N

log

(

e2ρ0 sin2 πl

L

)

=
c

3
log

(

eρ0 sin
πl

L

)

. (2.5)

This entropy precisely coincides with the known CFT
result (1.3) after we remember the relation Eq. (2.3).

This proposed relation (1.5) suggests that the geodesic
(or minimal surface in the higher dimensional case) γA is
analogous to an event horizon as if B were a black hole,
though the division into A and B is just artificial. In
other words, the observer, who is not accessible to B, will
probe γA as a holographic screen [16], instead of B itself
(Fig. 1 (b)). The minimal surface provides the severest
entropy bound when we fix its boundary condition. In
our case it saturates the bound.

More generally, we can consider a subsystem A which
consists of multiple disjoint intervals as follows

A = {x|x ∈ [r1, s1] ∪ [r2, s2] ∪ · · · ∪ [rN , sN ]}, (2.6)

where 0 ≤ r1 < s1 < r2 < s2 < · · · < rN < sN ≤ L. In
the dual AdS3 description, the region (2.6) corresponds
to θ ∈ ∪N

i=1[
2πri

L , 2πsi

L ] at the boundary. In this case it
is not straightforward to determine minimal (geodesic)
lines responsible for the entropy. However, we can find
the answer from the entanglement entropy computed in
the CFT side. The general prescription of calculating the
entropy for such systems is given in [10] using conformal
mapping. For our system (2.6), we find, when rewritten
in the AdS3 language, the following expression of SA

SA =

∑

i,j Lrj ,si−
∑

i<j Lrj ,ri−
∑

i<j Lsj ,si

4G(3)
N

, (2.7)

where La,b is the geodesic distance between two boundary
points a and b. We can think that the correct definition
of minimal surface is given by the numerator in Eq. (2.7).

Next we turn to the entanglement entropy at finite
temperature. We assume the spacial length of the total
system L is infinitely long s.t. β/L ≪ 1. At high tem-
perature, the gravity dual of the CFT is the Euclidean
BTZ black hole [17] with the metric given by

ds2 = (r2 − r2
+)dτ2 +

R2

r2 − r2
+

dr2 + r2dϕ2. (2.8)

The Euclidean time is compactified as τ ∼ τ + 2πR
r+

to
obtain a smooth geometry in addition to the periodicity
ϕ ∼ ϕ+2π. Looking at its boundary, we find the relation
β
L = R

r+
≪ 1 between the CFT and the BTZ black hole.

The subsystem A is defined by 0 ≤ ϕ ≤ 2πl/L at the
boundary. Then we expect that the entropy can be com-
puted from the geodesic distance between the boundary
points ϕ = 0, 2πl/L at a fixed time. To find the geodesic
line, it is useful to remember the familiar fact that the
Euclidean BTZ black hole at temperature TBTZ is equiv-
alent to the thermal AdS3 at temperature 1/TBTZ. This
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3

Theorem 4 (Ref. [1]). Fix any initial state ⇢A and target
state ⇢

0
A, both block-diagonal in energy. In the setting of

the figure (without work bit W ), the transition

⇢A ⌦ �M 7! �AM ,

with �A := TrM�AM arbitrarily close to ⇢
0
A, can be

achieved by a thermal operation if and only if F (⇢A) �
F (⇢0

A), with F the Helmholtz free energy. Note that the
state �M of the thermal machine M is exactly identical
before and after the transformation.

In other words: if the thermal machine is allowed to build up
correlations with the system(s) on which it acts, then we re-
cover the standard formulation of the second law. Arguably,
there are many situations in physics where it makes sense to
allow this: e.g. think of a machine that acts successively on a
stream of particles. In [1], the present author shows two fur-
ther generalizations that involve the work bit as shown in the
figure: basically, state transitions can be achieved exactly
and without any fluctuations by extracting or investing the
Helmholtz free energy difference �F with the work bit W

(up to a minor tweak for the extraction case).
This generalizes and corroborates results by the present au-

thor and coauthors in [3]: there, we have shown that stochas-
tic independence can be used as a resource in nanoscale
thermodynamics, which is exactly the opposite of what one
would expect from standard thermodynamics.

IV. TOWARDS SINGLE-SHOT INTERPRETATIONS OF
ENTROPIC QUANTITIES IN QUANTUM SHANNON

THEORY

There are many important situations in quantum informa-
tion theory beyond thermodynamics where catalysts play a
crucial role, for example decoupling [12]. In light of the re-
sults above, the questions arises whether single-shot entropic

quantities arising in these settings can be replaced by the con-
ventional entropies if correlations are allowed to build up in
suitable ways (ways which do not spoil the formulation of the
corresponding operational task).

If this is indeed possible, then it will have a multitude of
interesting applications and consequences. For example, con-
sider the current efforts to relate entanglement and spacetime
geometry, such as the Ryu-Takayanagi formula [13] which re-
lates entanglement entropy in a conformal field theory on the
boundary to the area of minimal surfaces in the bulk. One
may well ask why standard entanglement (von Neumann) en-
tropy attains such a dual geometric significance, and not, say,
the corresponding Rényi entropies. Crucially, defining corre-
sponding operational tasks typically leads to statements that
involve the corresponding single-shot entropies instead von
Neumann entropy [14]. Therefore, it may be promising to
pursue constructions like the ones above (i.e. allowing, for ex-
ample, correlations to build up between systems and catalytic
degrees of freedom) in order to arrive at direct operational in-
terpretations of the standard entropies and thus, by duality, of
the corresponding geometric quantities.

At this stage, this is certainly still speculation. However, the
following simple lemma (still without any obvious applica-
tion) may give a taste of the possible results that might be ob-
tained along these lines. It follows without much effort from
combining some of the results above, including Theorem 3.

Theorem 5. Let ⇢A and ⇢
0
A be quantum states with full

rank which are not unitarily equivalent, i.e. do not have
the exact same set of eigenvalues. Then there exists a fi-
nite auxiliary system B, a quantum state �B , and a copy
C of AB with maximally mixed state µC as well a uni-
tary UABC such that

UABC(⇢A ⌦ �B ⌦ µC)U†
ABC = ⇢

0
ABC

with marginals ⇢
0
A on A, ⇢

0
B = �B and ⇢

0
C = µC if and

only if S(⇢A) < S(⇢0
A) for the von Neumann entropy S.
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with marginals ⇢A , ⇢B B ⇢C µC if and
only if S(⇢A) < S(⇢0

A) for the von Neumann entropy S.
�B µC⇢A

S(⇢A) + S(�B) + S(µC) = S(⇢0ABC)  S(⇢0A) + S(�B) + S(µC).

But here’s an example, following from the above:
combining some of the results above, including Theorem 3.

Theorem 5. Let and 0 be quantum states with full
rank which are not unitarily equivalent, i.e. do not have
the exact same set of eigenvalues. Then there exists a fi-
nite auxiliary system
C of
tary

UABCUABCU (⇢A ⌦ �B ⌦ µC)UABCUABCU ⇢ABC

with marginals ⇢
0
A on A, ⇢

0
B = �B and ⇢

0
C = µC if and

µC

�B µC⇢0

ABC

Open Questions. Can we do without the C system?
Or recycle BC? And do the same if A is correlated
with some other system (decoupling)?

Relation to versions of the quantum marginal problem.



Conclusions

% Majorization: some new results
In particular

Thank you!

pX ⌦ p
0
Y � p

0
XY , H(X)  H(X 0)

MM, arXiv:1707.03451 (+refs)
Further with M. Lostaglio, M. Pastena, J. Scharlau, see http://mpmueller.net

% Quantum thermodynamics: standard 2nd law;
natural one-shot interpretation of free energy F

% Quantum info: one-shot int. of standard entropies (?)

http://mpmueller.net



