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Recovery channels

Problem: Given a quantum channel A/, find another quantum channel ‘R that reverses the
action of \/ (i.e., a recovery map)
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Monotonicity of relative entropy: D(pHO’) > D (N(P)HN(U))

Equality in the relative entropy condition means that we don’t lose any information

This suggests that we should be able to “undo” the channel and recover the initial state

Equal to zero iff p = 0.

Relative Entropy: D(p|lo) = Tr(plogp) — Tr(plog o)

A measure of distinguishability.




Exact recovery: Petz map e

D(p|lo)== D (N (p)|N ()
e
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M. Ohya and D. Petz. Quantum Entropy and Its Use. Springer-Verlag, 1993.



Exact recovens P~*~ map T
qves’ rule:
Classically; the Petz map reduces 1O Bayes’
NNP(y\I) and NT = N ) (N(IO)HN(O.))
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M. Ohya and D. Petz. Quantum Entropy and Its Use. Springer-Verlag, 1993.



Approximate recovery: universal channels

P N N Ron oN(p) ~ p

R
.....
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For any channel A/ there exists a recovery channel R, - depending only on ¢ and N such that

D(p|lo) — DN (p) [N (0)) = —21og Flp, (Ronr o N ()
sty F(p, o) = [|\/pv/all

Explicit form of recovery channel | Ry Ar( - ) = / dt Bo(t)o 2itj\/”r (j\/'(g)_l_git( . )N(g)—#) o
R
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M. Junge, R. Renner, D. Sutter, M. M. Wilde, and A. Winter, arXiv preprint arXiv:1509.07127 (2015).
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Approximate re~c: =y universal channels
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M. Junge, R. Renner, D. Sutter, M. M. Wilde, and A. Winter, arXiv preprint arXiv:1509.07127 (2015).
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Theorem: Approximate recovery for algebras

Let (finite dim) von Neumann Algebras

A
M, C My |~

M, M
My C Mp R*/ \T*

S(M,) ¢ S(My)

N
I

R
|

S('/I\/lb) res S(MB>

D(palloa) = DN [plu||Nols)| < €

(note the restriction to the subalgebras)

Then @) [lpa — RINpAlll; <6,
QD) [(R*[dal)nrp — (¢a),| < ll¢all,

(i) [(R*[@LIR*[@al) prpp) — (#afa),| < 6" max{[[¢} ]2, lIall*},

R*[¢a) = / dt Bo(t) e = TAN[Eale™ 7 T gye

14t pr

“Jae

Quantum channel:

_N: S(MA) — S(MB)

H, = —logo,
Hy = —logN[&|od]] 4
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« Part 2. Application to AdS/CFT
* Review of AdAS/CFT
* Entanglement wedge reconstruction



AdS/CFT

Gravity in anti-de Sitter space in d+1 dimensions
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Conformal field theory in d dimensions

< > Hog <— Hcrr

We often think of the CFT as living on
the boundary of AdS

______________________________________________

The entropy of a boundary subregion
IS given by the area of the RT surface |

______________________________________________




Causal wedge reconstruction

Gravity in anti-de Sitter space in d+1 dimensions % Conformal field theory in d dimensions

It's possible to reconstruct bulk
operators in a “local” way

______________________________________________

. All operators in the “causal wedge” of
A can be supported only on A

______________________________________________

BUT! Causal wedge reconstruction is
not the whole story...

______________________________________________




Holographic guantum error correction

A

Use causal wedge reconstruction for each of

At UAy, A1 UAs, Ao U Aj

This is a (2,3)-threshold secret sharing quantum
error correcting code!

Capable of correcting for loss of any 1 out of
the three regions

Hcode g HCFT

A. Aimheiri, X. Dong, and D. Harlow, JHEP 04, 163 (2015), arXiv:1411.7041



Causal wedge reconstruction Is not enough

The entropy of the boundary reduced
density matrix is given by

Properties of the density matrix on A are
. sensitive to operators living outside of
the causal wedges |

"""""""""""""""""""""""""""""""

. This leads to the entanglement wedge i
hypothesis |

__________________________________________________




Entanglement wedge hypothesis

The entropy of the boundary reduced
density matrix is given by

Al AZ " Properties of the density matrix on A are |
sensitive to operators living outside of
the causal wedges

This leads to the entanglement wedge
hypothesis '

__________________________________________________

Hypothesis: any bulk operators in the entanglement wedge can
A — Al U AQ | be reconstructed on the associated boundary subregion



Bulk and boundary relative entropies

JLMS: boundary relative entropy = bulk relative entropy

D(palloa) = D(palloa) + O(Gn)

____________________________________________________

When this condition holds exactly (e.g.,

N — 00), the entanglement wedge A A
hypothesis has been argued to be true.

____________________________________________________

The proof relies on algebraic
consequences of exact equality in the
relative entropy condition

____________________________________________________

. These algebraic consequences are known |
| not to hold when the relative entropy | {D(pAHaA) = D(pg(’}uaa)Jr[Tr (pc{l“}Ai{O“C}> Tt (Pi‘*%’?) S (df”) _g @p}ﬂ}
condition is only approximately satisfied

- No expl |C|texpreSS|onforreconstructlon ! D. L. Jafferis, A. Lewkowycz, J. Maldacena, and S. J. Suh, JHEP 2016, 1 (2016)
X. Dong, D. Harlow, and A. C. Wall, Phys. Rev. Lett. 117, 021601 (2016)



Bulk and boundary relative entropies

JLMS: boundary relative entropy = bulk relative entropy

____________________________________________________

When this condition holds exactly (e.g.,
N — 00), the entanglement yedoe

_____________________

______________________

. These algebraic cd ~TTCES are knovx;nni
' not to hold when the relative entropy {D(pAHaA) D(piH o)+ [ ( (o) plo }) Tr <p§P}AI{O”C}> +5 (pjf}) S (pjf}ﬂ}
condition is only approximately satisfied

- No expl |C|texpreSS|onforreconstructlon ! D. L. Jafferis, A. Lewkowycz, J. Maldacena, and S. J. Suh, JHEP 2016, 1 (2016)
X. Dong, D. Harlow, and A. C. Wall, Phys. Rev. Lett. 117, 021601 (2016)



Entanglement wedge reconstruction

PA — TTA Pboundary

* Use recovery channels to correct the erasure

* Switch to the Heisenberg picture (adjoint)
* Bulk operators mapped to boundary

A

Apply this technique to the entanglement wedge?




Entanglement wedge reconstruction

PA — TTA Pboundary

e Use recovery channels to correct the erasure

e Switch to the Heisenberg picture (adjoint)
* Bulk operators mapped to boundary

* JLMS say relative entropies are preservedA a A
D(palloa) = D(pallga) + O(Gn)

e This is not the right condition to naively apply
recovery results
* Extratrace overa

* Fortunately we have a stronger theorem!



Entanglement wedge reconstruction

PA — TTA Pboundary

Use recovery channels to correct the erasure

Switch to the Heisenberg picture (adjoint)
* Bulk operators mapped to boundary

JLMS say relative

D(palloa) =

This is not the right
recovery results
 Extra trace over a

aively apply

Fortunately we have a stronger theorem!



Algebraic formalism

For all ¢, € M,

) ! 3 (1= L (144 A
R (¢a) — deod /dt 50(@62(1 t)HAj[¢a]A62(1+ t)H
R*(¢a) = L d H A( +t o) Halol = —log 7
“o dcode dt 1t=0 A\Tcode a Alp) == —log Jp)a
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i The boundary operator corresponding to ¢, can be computed as a response in the boundary modular I
: Hamiltonian H, to a perturbation of the maximally mixed code state in the direction of @, l

— o O T . O EE EE S S e S S R M S B M e M M S S M e S S e e M e e M e S S e S M S S M S S M G S S G S e S G e e e e s )

_____________________________ / / . In the approximate case, our
. Two-point functions: ! <¢a ¢a>p ~ <OA OA>JpJT . proof does not generalize to

A ot - | higher-point functions. ..




Summary

« Generalized universal recovery channels finite dimensional von Neumann algebras
@) [[pa = RINTpll, <96,

(11) <R*[¢a]>,/\[[p] o <¢a>p‘ S 5||¢a||,
(iii) [(R*[GL)R* [l priy — (Dada),| < 6 max{| L], l6all?),

1—{—7ltH

Re6a] = [ defo(t) e N [Eufe 5 gy HH] o

« Choi state of universal recovery channel: qguantum Bayes’ rule

d
@R:—‘ log (N(a)@a_l—i—tq)N*)
dt 1t=0

* Proved entanglement wedge reconstruction robustly and gave explicit formula

1 d
R*(¢a) — _dcode dt t:OHA(TCOde +t¢a) <¢a¢;>p ~ <OA014>JpJT

* Provided an interpretation of reconstructed operators






