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The maximum efficiency of nano heat engines depends on more than temperature
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Sadi Carnot’s theorem regarding the maximum efficiency of heat engines is considered to be of fundamental
importance in thermodynamics. This theorem famously states that the maximum efficiency depends only on the
temperature of the heat baths used by the engine - but not the specific details on how these baths are actually
realized. Here, we show that at the nano and quantum scale, this law needs to be revised in the sense that more
information about the bath other than its temperature is required to decide whether maximum efficiency can
be achieved. In particular, we derive new fundamental limitations of the efficiency of heat engines that show
that the Carnot efficiency can only be achieved under special circumstances, and we derive a new maximum
efficiency for others. This new understanding of thermodynamics has implications for nanoscale engineering

aiming to construct very small thermal machines.

Nicolas Léonard Sadi Carnot is often described as the “fa-
ther of thermodynamics”. In his only publication in 1824 [1]
, Carnot gave the first successful theory of the maximum effi-
ciency of heat engines. It was later used by Rudolf Clausius
and Lord Kelvin to formalize the second law of thermody-
namics and define the concept of entropy [2, 3] . In 1824 he
concluded that the maximum efficiency attainable did not de-
pend upon the exact nature of the working fluids [1] :

The motive power of heat is independent of the
agents employed to realize it; its quantity is fixed
solely by the temperatures of the bodies between
which is effected, finally, the transfer of caloric.

For his “motive power of heat”, we would today say “the effi-
ciency of areversible heat engine”, and rather than “transfer of
caloric” we would say “the reversible transfer of heat.” Carnot
knew intuitively that his engine would have the maximum effi-
ciency, but was unable to state what that efficiency should be.
Working fluids refers to the substance (normally gas or liquid)
which is at the hot or cold bath temperatures.

Carnot also defined a hypothetical heat engine (now known
as the Carnot engine) which would achieve the maximum ef-
ficiency. Later, this efficiency - now known as the Carnot effi-
ciency (C.E.) - was shown to be
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where Bcold, Suot are the inverse temperatures of the cold and
hot baths respectively.

Unlike the large scale heat engines that inspired thermody-
namics, we are now able to build nanoscale quantum machines
consisting of a mere handful of particles, prompting many
efforts to understand quantum thermodynamics (see e.g. [4—
19]). Such devices are too small to admit statistical methods,
and many results have shown that the workings of thermody-
namics become more intricate in such regimes [4-7, 15].

We show in this report that unlike at the macroscopic
scale - at which Carnot’s fundamental results hold - there are
new fundamental limitations to the maximal efficiency at the
nanoscale. Most significantly, this new efficiency depends on
the working substance. We find that the C.E. can be achieved,

but only when the working substance is of a particular form.
Otherwise, a reduced efficiency is obtained, highlighting the
significant difference in the performance of heat engines as
our devices decrease in size.

Work in the nanoregime

The basic components of a heat engine (H.E.) are de-
tailed in Fig. 1. The definition of work when dealing with
nanoscopic quantum systems has seen much attention lately
[4-9] . Performing work is always understood as chang-
ing the energy of a system, which we call battery. In the
macroregime, one often pictures raising a weight on a string.
In the nanoregime, this corresponds to changing the energy of
a quantum system by lifting it to an excited state (see Fig. 2).

One aspect of extracting work W is to bring the bat-
tery’s initial state p{, to some final state py, such that W =
tr(py, Hw) — tr(pY Hw) > 0. However, a change in energy
alone, does not yet correspond to performing work. It is im-
plicit in our macroscopic understanding of work that the en-
ergy transfer takes place in an ordered form. When lifting a
weight, we know its final position and can exploit this precise
knowledge to transfer all the work onto a third system without
- in principle - losing any energy in the process. In the quan-
tum regime, such knowledge corresponds to py, being a pure
state. When piy is diagonal in the energy eigenbasis of Hy,
then pyy is an energy eigenstate. We can thus understand work
as an energy transfer about which we have perfect informa-
tion, while heat, in contrast, is an energy transfer about which
we hold essentially no information. Clearly, there is also an
intermediary regime in which we transfer energy, while hav-
ing some - but not perfect - information.

To illustrate this idea, consider a two-level system battery,
where we extract work by transiting from an initial energy
eigenstate | Ey, )(F3,| to another energy eigenstate | Ef )Y e |,
where E¥, — E}, > 0. Changing the energy, while hav-
ing some amount of information corresponds to changing the
state of the battery to a mixture p3, = (1 — ¢)|E§XE%| +
e| B ) EY,| for some parameter & € [0, 1]. The case of & = 0
corresponds to doing perfect work. The smaller ¢ is, the closer



FIG. 1. A heat engine extracts work from the temperature differ-
ence of a hot bath (red) at temperature Tho and cold bath (blue) at
temperature Tcola. The term bath indicates that the initial states of
these systems are thermal, 7ot = exp(— Buot Hot) / Zrior and Tcold =
exp(—ﬂcmdf{cgld) /Zcod With inverse temperatures Suot = 1/THor
and Beod = 1/Tco, and partition functions Zge and Zeola respec-
tively. The machine itself corresponds to a quantum system M with
Hamiltonian Hy, starting in an arbitrary state pY;. The battery in-
dicates the system in which we will store work and is illustrated in
detail (Figure 2). Let p% be the starting state of the work system,
and Hyw its Hamiltonian. Operating the heat engine for one cycle for
some particular time ¢, corresponds to applying a unitary transform
U (¢) to the both baths, the actual machine, and also the work sys-
tem. In order to account for all energy transfers we will demand that
[U(t),ﬁ] = 0, where H = Hy + Hcoa + Huoe + Hw. That is,
U (t) conserves total energy. We will furthermore demand that op-
erating the heat engine does not affect the actual machine, i.e., the
final state of the machine py; = py, but the choice of py may af-
fect the efficiencies we can obtain. In the language of [5] , we thus
treat the machine as a catalyst. The efficiency 1 = Wext/AH of
the machine measures the amount of work extracted Wy in relation
to the energy invested as measured by the energy change of the hot
bath AH. Given two temperatures Tior and Tcoia, finding the opti-
mal heat engine for such temperatures would correspond to deciding
on the best machine (pY, Hwm), evolution U(t), and bath structures
Hiyor and Heola. To understand the role of the structure of the cold
bath, we here fix Hcoq While allowing an otherwise arbitrary choice
of I:IHO(.

we are to the situation of perfect work. One can characterize
this intermediary regime by the von Neumann entropy S(pi, ).
For perfect work, S (p\l,v) = 0, while for heat transfer, under
a fixed average energy, the two-level battery becomes ther-
mal, since the thermal state maximizes entropy for a fixed
energy [20] . Intuitively, we may also think about € as the
failure probability of extracting work. When € > 0, what is
relevant is not € as an absolute, but relative to the energy Wex,
that is extracted. We are thus interested in AS/Wey where
AS = S(py,) — S(pY ) is the change in entropy of the battery.
For our investigations the limit AS/Wey — 0 will be of par-
ticular interest, and corresponds to performing near perfect
work. Our analysis applies to arbitrarily small heat engines,
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FIG. 2. A battery is a work-storage component of a heat engine.
In the nanoregime, a minimal way of modeling the battery is as a
two-level system [5] . Performing work corresponds to “lifting” the
state from ground state to the excited state, where the energy gap is
fine-tuned to the amount of work Wey to be done. While an arbi-
trary energy spacing is difficult to realize in a two-level system, it
can be done by picking two levels with the desired spacing from a
quasi-continuum battery: this battery comprises of a large but finite
number of discrete levels which form a quasi-continuum. Such a bat-
tery closely resembles the classical notion of a “weight attached to
a string” as considered in [21] . The battery can be charged from a
particular state (e.g. the ground state) to any of the higher levels.

even if this machine was run for only one cycle. We empha-
size that this is not a restriction of the analysis, but rather a
strong and appealing feature because it is indeed the relevant
case when we consider few qubit devices, and a small number
of experimental trials.

No perfect work

Before establishing our main result, we first show that in
the nanoscopic regime, no heat engine can perform perfect
work (¢ = 0). That is, the efficiency of any such heat engine
is zero. More formally, it means that there exists no global
energy preserving unitary (see Fig. 1) for which W > 0.

Efficiency

Clearly, however, heat engines can be built, prompting the
question how this might be possible. We show that for any
€ > 0, there exists a process such that W, > 0. There-
fore, a heat engine is possible if we ask only for near perfect
work. Interestingly, even in the macroscopic regime, we can
envision a heat engine that only extracts work with probability
1 —¢, but over many cycles of the engine we do not notice this
feature when looking at the average work gained in each run.

To study the efficiency in the nanoscale regime, we make
crucial use of the second laws of quantum thermodynamics [5]
. It is apparent from these laws that we might only discover
further limitations to the efficiency than we see at the macro-
scopic scale. Indeed they do arise, as we find that the effi-
ciency no longer depends on just the temperatures of the heat
baths. Instead, the explicit structure of the cold bath Hamil-
tonian Hcold becomes important (a similar argument can be
made for the hot bath). Consider a cold bath comprised of n
two-level systems each with its own energy gap, where n can



be arbitrarily large, but finite. Let us denote the spectral gap
of the cold bath—the energy gap between its ground state and
first excited state—by iy We can then define the quantity

Ernin(Bcold — Brot)

= 1 + e—Bcoia Emin

2

and study the efficiency in the quasi-static limit. This means
that the final state of the cold bath is thermal, and its final tem-
perature T’y is higher than T4 by only a positive infinitesimal
amount.

Whenever €2 < 1, we show that the maximum and attain-
able efficiency is indeed the familiar C.E., which can be ex-

pressed as
ﬁHot ) -
=14+ . 3)
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However, when 2 > 1, we find a new nanoscale limitation. In
this situation, the efficiency is only
-1
Q) “4)
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for a quasi-static heat engine. One might hope to obtain a

higher efficiency compared to (4) by going away from the

quasi-static setting, however we also show that such an effi-

ciency is always strictly less than the C.E.

The restriction of near perfect work per cycle can now be
further justified by examining how well the heat engine per-
forms when the machine runs over many cycles: we find that
if 0 < 1, the heat engine can be run quasi-statically with an
efficiency arbitrarily close to the C.E. while extracting any fi-
nite amount of work with an arbitrarily small entropy increase
in the battery.

Comparison with standard entropy results

For any system in thermal contact with a bath at tempera-
ture 7', consider the Helmholtz free energy F'(p) = Tr(Hp) —
kT'S(p), where S(p) = —tr(plnp) is the von Neumann en-
tropy of p. In the macroregime, the usual second law states
that the Helmholtz free energy never increases,

F(po) = F(p1) )

when the system goes from a state py to a state p;. This,
however, is but one of many conditions necessary for a state
transformation [5] . The limitations we observe are a conse-
quence of the fact that in the nanoregime, possible transitions
are governed by a family of generalized second laws. The fact
that more laws appear in this regime can intuitively be under-
stood as being analogous to the fact that when performing a
probabilistic experiment only a handful of times, not just the
average, but other moments of a distribution become relevant.
Indeed, all second laws converge to the standard second law
in the limit of infinitely many particles [5], illustrating why
we are traditionally accustomed to only this second law. The
standard second law also emerges in some regimes of inexact
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FIG. 3. For fixed temperatures Tcoq, THot, the efficiency of a
nanoscale heat engine depends on the structure of the cold bath.
At the nano/quantum scale, Carnot’s statement about the universality
of heat engines does not hold. We find that the maximum efficiency
of a heat engine, does depend on the “working fluid”. In (a) the en-
ergy gaps are small enough to allow the heat engine to achieve C.E.,
i.e., 2 < 1. In (b) the efficiency of the heat engine is reduced below
the C.E. because the energy gap of the qubits are above the critical
value 2 > 1.

a)

catalysis [5, 22], however, this corresponds to a degradation
of the machine in each cycle.

It is illustrative to analyze our problem when we apply just
the standard second law in (5) to derive bounds on the effi-
ciency, which is indeed a matter of textbook thermodynam-
ics [23] . However, we here apply the law precisely to the heat
engine model as given in Fig. 1, in which all energy flows
are accounted for and (near) perfect work is performed. One
might wonder whether the limitations we observe are just due
to an inaccurate model or our demand for near perfect instead
of average work, and might thus also arise in the macroregime.
That is, are these newfound limitations really a consequence
of the need to obey a wider family of second laws, or would
the standard free energy predict the same things when the en-
ergy is quantized?

We show independently of whether we consider perfect
(e = 0) or near perfect (AS/Wex — 0) work - that according
to the standard free energy in (5), the maximum achievable ef-
ficiency is the C.E. Furthermore, we recover Carnot’s famous
statement that the C.E. can be achieved for any cold bath (i.e.
for a cold bath with any finite dimensional pure point spec-
trum). We also see that C.E. is only achieved for quasi-static
H.E.s. We prove this without invoking any additional assump-
tions than those laid out here, such as reversibility or that the
system is in thermodynamic equilibrium at all times. There-
fore, with our setup we recover exactly what Carnot predicted,
namely that the maximum efficiency of the H.E. is indepen-
dent of the working substance. This rules out that our inabil-
ity to achieve what Carnot predicted according to the macro-
scopic laws of thermodynamics is not only a consequence of
an overly stringent model.



Extensions to the setup

One could ask whether at the nano regime, if a less strin-
gent model would allow one to recover Carnot’s predictions.
Specifically, what if we consider any final state of the bat-
tery py,Which is € away in trace distance from the desired
final battery state |Ef; )} E%|? In this case, we show that as
long as one still considers the extraction of near perfect work
AS/Wex — 0, our findings remain unchanged: when Q > 1,
C.E. cannot be obtained.

In a similar vein, one could imagine that the final compo-
nents of the heat engine become correlated between them-
selves, and that this would allow one to always achieve the
C.E.. According to macroscopic laws of thermodynamics,
correlations between the final components always inhibit one
from achieving the C.E.. We show that at the nanoscale such
correlations can also be ruled out as a means to achieve the
C.E. when 2 > 1.

These results thus show the inevitability that the maximum
efficiency of a nanoscale heat engine depends on more infor-
mation about the thermal baths rather than just the tempera-
ture.

Conclusion

Our work establishes a fundamental result for the opera-
tion of nanoscale heat engines. We find all cold baths can
be used in heat engines. However, for all temperatures Tcoiq
and Ty of the cold and hot baths, there exists an energy gap
Ein(Bcold, Brot) of the two-level systems forming the cold
bath above which the optimal efficiency is reduced below the
C.E.. Viewed from another direction, for a fixed energy gap
Erin(Bcold, BHot)» whether the C.E. can be achieved depends
on the relation between Ty, and 7qq as illustrated in Fig. 4.
Loosely speaking, the C.E. can be achieved whenever the two
temperatures are unequal but not too far apart. One might
wonder why this restriction has not been observed before in
the classical scenario. There, the energy spectrum is continu-
ous or forms a quasi-continuum, and hence we can only access
the C.E. regime.

Our result is a consequence of the fact that the second law
takes on a more complicated form in the nanoregime. Next
to the standard second law, many other laws become rele-
vant and lead to additional restrictions. From a statistical
perspective, small numbers require more refined descriptions
than provided by averages, and as a result thermodynamics
becomes more complicated when considering systems com-
prised of few particles. Similar effects can also be observed in
information theory, where averaged quantities as given by the
Shannon entropy need to be supplemented with refined quan-
tities when we consider finitely many channel uses.

In the macroscopic regime, for completeness, we ruled out
the possibility that the observed limitations on efficiency is
a consequence of our demand for near perfect work, or the
fact that we are using systems with discrete (sufficiently large
spaced) spectra. This verification was achieved by showing
that the C.E. can indeed always be attained (regardless to the
size of an energy gap if present) when extracting near per-
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FIG. 4. Comparison of the nano/quantum-scale efficiency versus
macroscopic efficiency (C.E.), in the quasi-static regime. Top:
Efficiency vs. the energy gap Emin of Hcold. According to Egs. (3),
(4), for any Buot < Beold (Tcold < Thot) one can achieve C.E. when
the structure Heoq of the cold bath has sufficiently small energy gap.
If the energy gap is too large, we find a reduced efficiency. This has
been plotted for Tl{‘“ = 15 and Tcoq = 10. Middle: Efficiency vs.
Tcold. For every Hcou, there exists a temperature regime (Zcolg VS.
Thot) such that C.E. cannot be achieved. This happens as Tco gets
further from the temperature of the hot bath T« = 20, where we
have used Enin = 15. Bottom: Efficiency vs. T Similarly, we see
this feature of not being able to achieve C.E., as the temperature of
the hot bath increases relative to Tcoia = 5, where again Fpyin = 15.

fect work, when we are in such large systems that only the
standard second law is relevant. One might wonder whether
heat engines that do not operate quasi-statically, or employ-
ing quantum coherences would allow us to achieve the C.E.
independent of the structure of the cold bath. As we show in
the Supplementary Material, both do not help.

There are several works [15, 21, 24-26] that have analyzed
the efficiencies of heat engines and obtained C.E. as the max-
imal efficiency. Common to all these approaches is that they
consider an average notion of work, without directly account-
ing for a contribution from disordered energy (heat). Instead,
one keeps the entropy of the battery low [21] , or bound the
higher moments of the energy distribution [25] . These only
limit contributions from heat, but do not fully prevent them.
Our notion of (near) perfect work now makes this aspect of
macroscopic work explicit in the nanoregime. Needless to
say, imperfect work with some contribution of heat can also
be useful. Yet, it does not quite constitute work if we cannot
explicitly single out a contribution from heat. One could con-
struct a machine which extracts some amount of energy, with
some non-negligible amount of information. We can prove in
this case that Carnot’s efficiency can even be exceeded [27] .



This should not come as a surprise, because we are no longer
asking for work - energy transfer about which we have (near)
perfect information.

Our work raises many open questions. We see that the
quasi-static efficiency has a discontinuous derivative with re-
spect to Thot, Tcold OF Emin at £ = 1, as illustrated in Fig. 4,
which is often associated with a phase transition. It is unclear
whether this phenomenon can also be understood as a phase
transition - absent at the macroscopic scale - and whether there
is an abrupt change in the nature of the machine when crossing
the € = 1 boundary.

It would furthermore be satisfying to derive the explicit
form of a hot bath, and machine attaining Carnot - or new
Carnot - efficiency. One might wonder whether a non-trivial
machine (py, Hy) is needed at all in this case. To illustrate
the dependence on the bath, it was sufficient to consider a bath
comprising solely of qubits. The tools proposed in the Supple-

mentary Material can also be used to study other forms of bath
structures, yet it is a non-trivial question to derive efficiencies
for such cold baths.

Most interestingly, there is the extremely challenging ques-
tion of deriving a statement that is analogous to the C.E., but
which makes explicit the trade-off between information and
energy for all possible starting situations. In a heat engine, we
obtain energy from two thermal baths about which we have
minimal information. It is clear that the C.E. is thus a spe-
cial case of a more general statement in which we start with
two systems of a certain energy about which we may have
some information, and we want to extract work by combining
them. Indeed, the form that such a general statement should
take is by itself a beautiful conceptual challenge, since what
we understand as efficiency may not only be a matter of work
obtained vs. energy wasted. Instead, we may want to take a
loss of information about the initial states into account when
formulating such a fully general efficiency.
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Methods

Setup of heat engine The workings of a heat engine have been
described in Fig. 1, which we expand in mathematical detail
here. Consider the initial global system

PloldHoMw = Plold @ Pliot @ P @ Pyy- (6)

The hot bath Hamiltonian ﬁHm can be chosen arbitrarily, as
long as p%},, is the corresponding thermal state of temperature
Thor- Similarly, the machine and its Hamiltonian (py;, Hy)
can be chosen arbitrarily. Given any cold bath (p2 4, Hcold)
such that pgold is a thermal state at temperature Tcoig < THots
one can extract work and store it in system W. This process
then corresponds to inducing the transition

0 1
PColdHotMW — PColdHotMW » (7N

1 _ 1 1 0o _ 1
where ot (Pcolanomaw) = Peoaw © py- We have py = piy,
that is, the machine is not degraded in the process. This also

means that we preserve the tensor product structure between
ColdW and M: if the machine is initially correlated with some
other system, we do not want to destroy such correlations
since this would also mean that we degrade the machine.

To quantify the amount of extractable work, we apply the
generalized second laws derived in [5] . The initial cold bath
p2yq is thermal, and therefore diagonal in the energy eigen-
basis, while the initial battery state p% is also a pure energy
eigenstate (see Fig. 2). Since here energy conserving U (¢)
never increase coherences between energy eigenstates [5] ,
we can therefore conclude that pl,qw is also diagonal in the
energy eigenbasis. We can thus invoke the necessary and
sufficient conditions for a transformation to be possible [5] .
Specifically, p.y ® P — pPéoaw iff Yo > 0,

Fo(ploa ® P Toiaw) = Fa(PGoiaw: Teoiaw)s 3

where Té‘oldw is the thermal state of the joint system (cold bath
and battery) at temperature Ty,.. The generalized free energy
F, is defined as

F.(p,7):=

[Da ([)HT) —1In ZHot] s 9

1
BHOI
where D, (pl||T) are known as a-Rényi divergences. For states
p, T which are diagonal in the same eigenbasis, the Rényi di-
vergences can be simplified to

Da(pl|7) lnzp% ° (10)

where p;, g; are the eigenvalues of p and 7 respectively. The
case a = 1 is defined by continuity in «. Taking the limit
a — 1 for (9), one recovers the Helmholtz free energy,
F(p) = (H), — BuaS(p). Using the second laws [5] is
a powerful tool, since when searching for the optimum effi-
ciency, we do not have to optimize explicitly over the possible
machines (pm, ﬁM), the form of the hot bath Hyy, or the en-

ergy conserving unitary U (t). Whenever (8) is satisfied, then
we are guaranteed a suitable choice exists and hence we can
focus solely on the possible final states p&qw-

Since we know that pg 4w is a diagonal in the energy
eigenbasis, the correlations between cold bath and battery can
only be classical (w.r.t. energy eigenbasis). However, even
such correlations cannot improve the efficiency: we show in
the Supplementary Material that we may take the output state
to have the form plygw = Ploa @ pay in order to achieve
the maximum efficiency. According to Fig. 2, consider p, =
|4 Ely| and ply = (1 — )| E§)EY| + e| B X Ei|. From
the second laws (8), we see that the maximum amount of
extractable work is given by the largest value of Wey =
E¥,— EY; such that the state transition p2,;®p% — Peod @ Py
is possible. The form of Wy (derived in the Supplementary
Material) is

Wext = inf W, (11)
a>0
1
Woy=—-———/In(A—¢% —aln(l —¢)], (12)
g ﬁﬂm(a_l)[ (A— =)~ aln(1 -2
o 1 o
Z Pt
where p; = ;;"'“E Q= _Zﬁ:mEi are probabilities of the

thermal state of the cold bath at temperatures Tcolq, THot re—
spectively, and p} are the probability amplitudes of state pg,q
when written in the energy eigenbasis of Hcow. The quantity
Wex is dependent on the initial and final cold bath p2 4, Ptoras
the hot bath temperature 7o, and the allowed failure proba-
bility . The main difficulty of evaluating Wy comes from
the infimum over «, - indeed we know examples in which it
can be obtained at any o > 0 depending on Sy, Bcold and
other parameters.

The efficiency 7, however, is not determined the maximum
extractable work, but rather by a tradeoff between W, and
the energy drawn from the hot bath. More precisely,

WCXt
= 14
= Aot (14)
where
AHot := tr( Huotplio) — tr( HutotPror) (15)
is the mean energy drawn from the hot bath.  Since

HCo]dHoth = HCOld + HHot + HM + Hw is void of interaction
terms, and since total energy is preserved, we can also write
the change of energy in the hot bath, in terms of the energy
change in the remaining systems. That is,

AHot = ACold + AW. (16)
where

ACold := tr [Heoapeoa] — tr [HeolaPow) »  (17)



and
AW := tr(Hypsy) — tr(Hwpl). (18)

is the change in average energy of the cold bath and battery.
We thus see that the efficiency can be described wholely in
terms of the battery and the cold bath.

Macroscopic second law We first analyze the efficiency in the
macroscopic regime, where only the usual free energy (o = 1)
dictates if a certain state transition is possible. The main ques-
tion is then: given an initial cold bath Hamiltonian H Cold> What
is the maximum attainable efficiency considering all possible
final states pl,q? In both cases of perfect and near perfect
work, we find that the efficiency is only maximized whenever
Péowa 18 (A) a thermal state, and (B) has a temperature 37 arbi-
trarily close to Scolq. We refer to this situation as a quasi-static
heat engine. Moreover, we find that the maximum is the C.E.
and that it can be achieved by any given Heco. These results
rigorously prove Carnot’s findings when only the usual free
energy is relevant.

Nanoscale second laws Here, when considering perfect work,
we are immediately faced with an obstacle: the constraint at
a = 0 implies that Wy > 0 is not possible, whenever p2 4
is of full rank. This is due to the discontinuity of Dy in the
state probability amplitudes, and is similar to effects observed
in information theory in lossy vs. lossless compression: no
compression is possible if no error however small is allowed.
However, when considering near perfect work, the Dy con-
straint is satisfied automatically. We thus consider the limit
AS / Wext — 0.

The results for the macroscopic second law implies an up-
per bound on both the maximum extractable work and ef-
ficiency for nanoscopic second laws, since the constraint of
generalized free energy at o = 1 is simply one of the many
constraints described by all & > 0. It thus follows from the
macroscopic second law results, that if we can achieve the
C.E., we can only do so when both (A) and (B) are satisfied.
Consequently, we analyze the quasi-static regime. Further-
more, we specialize to the case where the cold bath consists
of multiple identical two-level systems, each of which are de-
scribed by a Hamiltonian with energy gap E.

Firstly, we identify characteristics that € should have, such
that near perfect work is extracted in the limit 3y — Bcowa (i.€.
when (A) and (B) are satisfied). We then show two technical
results:

1. The choice of € (as a function of 3;) simplifies the min-
imization problem in (11), by reducing the range the
variable v appearing in the optimization of Wey. Un-
der the consideration of near perfect work, € can be cho-
sen such that the optimization of « is over a > & for
some x € (0, 1], instead of & > 0. The larger « is for a
chosen ¢, the slower AS/Wy converges to zero.

2. We analyze the following cases separately:

e For 2 < 1, € can always be chosen such that the
infimum in (11) is obtained in the limit o« — 1.
Evaluating the efficiency in the limit « — 1 cor-
responds to the C.E..

e For 2 > 1, we show that for the best choice
of ¢, the infimum in (11) for Wey is obtained at
a — oo. Furthermore, 2 > 1 means that up to
leading order terms, W; > W, for W, defined
in (12). But we know that the quantity W; gives
us C.E.. Therefore, the efficiency is strictly less
than Carnot.
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In this Supplementary Material, we detail our findings. Sections A-C are aimed at giving the reader an overview of the
important concepts regarding heat engines, and to introduce the quantities of interest. Firstly, in Section A we describe the setup
of our heat engine, the systems involved, and how work is extracted and stored. By using this general setup, we then proceed in
Section B to introduce conditions for thermodynamical state transitions in a cycle of a heat engine. In Section C, we introduce
the formal definition of efficiency, and specify how can this quantity be maximized over a set of free parameters (involving the
bath Hamiltonian structure).

After providing these guidelines, we start in Section D to apply the macroscopic law of thermodynamics. We have performed
the analysis with the generalization of allowing for an arbitrarily small probability of failure. The results in this section might
be familiar and known to the reader, however from a technical perspective, their establishment is helpful for proving our main
results (in Section E) about nanoscale systems. In Section E, we apply the recently discovered generalizations of the second law
for small quantum systems. The results in Section D and Section E are summarized at the beginning of each section, for the
reader to have a concise overview of the distinction between thermodynamics of macroscopic and nanoscopic systems. Finally,
in Section F, we show that even when considering a more general setup, these results obtained in Section E remain unchanged.



A. The general setting for a heat engine

A heat engine is a procedure for extracting work from a temperature difference. It comprises of four basic elements: two
thermal baths at distinct temperatures Ty, and Tcoq respectively, a machine, and a battery. The machine interacts with these
baths in such a way that utilizes the temperature difference between the two baths to perform work extraction. The extracted
work can then be transferred and stored in the battery, while the machine returns to its original state.

In this section, we describe a fully general setup, where all involved systems and changes in energy are accounted for explicitly.
Let us begin with the total Hamiltonian

H; = Heow + Hyo + Hw + Hy, (A1)

where the indices Hot, Cold, M, W represent a hot thermal bath (Hot), a cold thermal bath (Cold), a machine (M), and a battery
(W) respectively. Let us also consider an initial state

PloldHoMW = TCold ® Tiot @ Py © Py- (A2)

The state THot (Tcold) is the initial thermal state at temperature Thot (Itola), corresponding to the hot (cold) bath Hamil-

tonians HHO[,HCOM More generally, given any Hamiltonian H and temperature 7', the thermal state is defined as 7 =
1
Lr(efH /kpT)

Be := 1/kpTcoiq Where kg is the Boltzmann constant. Without loss of generality we set Tcolg < THot- The initial machine
(oS, Hy) can be chosen arbitrarily, as long as its final state is preserved (and therefore the machine acts like a catalyst).

e’H /k8T  For notational convenience, we shall often use inverse temperatures, defined as 8, := 1/kpTho and

We adopt a resource theory approach, which allows all energy-preserving unitaries U(¢) on the global system, i.e. such

unitaries obey [U(t), ﬁcmammw] = 0. If (13, lem) and (pY, ﬁM) can be arbitrarily chosen, these correspond to the set of
catalytic thermal operations [5] one can perform on the joint state ColdW. This implies that the cold bath is used as a resource
state. By catalytic thermal operations that act on the cold bath, using the hot bath as a thermal reservoir, and the machine as a
catalyst, one can possibly extract work and store it in the battery.

The aim is to achieve a final reduced state pé.qmonw» Such that

PEotavw = ot (PColatonaw) = Plaid @ P @ Py (A3)

where pyy = py, i.e. the machine is preserved, and pq, pyy are the final states of the cold bath and battery. In Section F, we
will consider the case in which there are correlations between the final state of the cold bath, hot bath, battery and or machine.
We will find that the correlations do not change our results. For any bipartite state pap, we use the notation of reduced states
pa = tg(paB), pB = tra(pBA).-

Finally, we describe the battery such that the state transformation from p2 onw © Peoldonw Stores work in the battery.
This is done as follows: consider the battery which has a Hamiltonian (written in its diagonal form)

nw
Hy =Y E)|E;)(Eilw. (A4)
i=1
For some parameter ¢ € [0, 1), we consider the initial and final states of the battery to be
P = |E;)(Ejlw (AS)
pw = (1 =€) Ex)(Bilw + €| E;)(Ejlw (A6)
respectively. The parameter W is defined as the energy difference

Wext := E)Y — E). (A7)

where we define Ekw > ij such that W, > 0. In the case where W,y is a value such that the transition P?:oldw — p(ljoldW
is possible via catalytic thermal operations, it corresponds to extracting work. We refer to the parameter ¢ as the probability of
failure of work extraction. Note that € in Eq. (A6) is also the trace distance

1
d(ﬂ70):§\|P—U||1 (A8)

between |E;)(E;ly, and | Ej)(Ej|y. In Section F, we will generalize this definition to include all final states of the battery pyy,
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FIG. 5. The setting of a working heat engine.

which are a trace distance ¢ from the ideal final battery state |E})(E}|y. We show that our findings regarding the achievability
of C.E. remains unchanged.
Throughout our analysis, we deal with two distinct scenarios of work extraction as defined below.

Definition 1. (Perfect work) An amount of work extracted Wey, is referred to as perfect work when € = 0.

The next definition of work involves a condition regarding the von Neumann entropy of the final battery state. Let AS be the
von Neumann entropy of the final battery state. When the initial state p%, is pure, we have

AS = —tr(py, In piy ). (A9)

When the final battery state is given by Eq. (A6), its probability distribution has its support on a two-dimensional subspace of
the battery system, this definition also coincides with the binary entropy of ¢,

hy(e) = —elne — (1 —¢)In(1 —¢) = AS. (A10)
Definition 2. (Near perfect work) An amount of work extracted Wey is referred to as near perfect work when

1) 0 <e <, forsomefixedl <1 and

AS
2)0< < p forany p >0, ie.

ext ext

is arbitrarily small.

In the main text, we have provided a detailed discussion regarding the physical meaning of perfect work and near perfect
work, and the necessity for considering these quantities. As we will see later in the proof to Lemma 5, 1) and 2) in Def. 2 are
both satisfied if and only if

. AS
lim

=0. All
e—0t+ Wex[ ( )

Since the initial state p2 . omw i diagonal in the energy eigenbasis, and since catalytic thermal operations do not create
coherences between energy eigenstates, therefore pévw has to be diagonal in the energy eigenbasis. Furthermore, (as already
stated above) in Section F, we extend the setup to include correlation in the final state between the battery, cold bath and machine
and more general final battery states.

Note that in our model we allow the battery to have arbitrarily many (but finite) eigenvalues. One can compare this to the two-
dimensional battery used in [5], referred to as the wit. Having a minimal dimension, the wit is a conceptually very useful tool
to visualize work extraction. However, it has the disadvantage that the energy spacing, i.e. the amount of work to be extracted,
has to be known a priori to the work being extracted in order to tune the energy gap of the wit. The more general battery, which
we describe in Eq. (A4), requires a higher system dimension, but has the advantage that it can form a quasi-continuum and thus
effectively any amount of work (i.e. any Wy > 0) can be stored in it without prior knowledge of the work extraction process.
We will see that our results are independent of nyw > 2.

To summarize, so far we have made the following minimal assumptions:

(A.1) Product state: There are no initial nor final correlations between the cold bath, machine and battery. Initial correlations
we assume do not exist, since each of the initial systems are brought independently into the process. This is an advantage
of our setup, since if one assumed initial coherence, one would then have to use unknown resources to generate them in
the first place. We later also show that correlations between the final cold bath and battery do not provide improvements
in maximum extractable work or efficiency.
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(A.2) Perfect cyclicity: The machine undergoes a cyclic process, i.e. p{ = piy.

(A.3) Isolated quantum system: The heat engine as a whole, is isolated from and does not interact with the world. This assump-
tion ensures that all possible resources in a work extraction process has been accounted for.

(A.4) Finite dimension: The Hilbert space associated with p2;jonmw 1S finite dimensional but can be arbitrarily large. Moreover,

the Hamiltonians ffc(,ld, ﬁHm, fIM and ﬁw all have bounded pure point spectra, meaning that these Hamiltonians have
eigenvalues which are bounded.

After defining the set of allowed operations, and describing the desired state transformation process, one can then ask: what
f:onditif)ns should be fulﬁH.ed such that there exists a hot bath (13, H, Hot),. e.md a machine. (%, Hu) such that PLoaw = Plolaw
is possible? Throughout this document we use “—” to denote a state transition via catalytic thermal operations.

In Section D, by assuming the macroscopic law of thermodynamics governs the heat engine, we derive the efficiency of a
heat engine, and verify the long known Carnot efficiency as the optimal efficiency. We do this for both cases where ¢ = 0 and
when ¢ is arbitrarily small. In Section E, we analyze the same problem under recently derived second laws, which hold for small
quantum systems. We show that these new second laws lead to fundamental differences to the efficiency of a heat engine.

Throughout our analysis, a particular notion that describes thermodynamical transitions will be important towards achieving
maximum efficiency. We therefore define this technical term, which will be used throughout the manuscript.

Definition 3. (Quasi-static) A heat engine is quasi-static if the final state of the cold bath is a thermal state and its inverse
temperature 35 only differs infinitesimally from the initial cold bath temperature, i.e. B = 3. — g, where 0 < g < 1.

Since throughout this analysis we frequently deal with arbitrarily small paramaters ¢, g, we also introduce beforehand the
notation of order function ©(x), o(x), which denotes the growth of a function.

Definition 4. (Big ©, small o notation [28]) Consider two real-valued functions P(x), Q(x). We say that

1. P(z) = O(Q(x)) in the limit x — a iff there exists c¢1,ca > 0 and 6 > 0 such that for all |z — a| < §, ¢; <
(@)

Q)

P(z)
Q(x)

2. P(x) = o(Q(x)) in the limit x — « iff there exists cs > 0 such that lim = c3.

r—a

Remark 1. In Def4, if the limit of x is unspecified, by default we take a = 0. In [28], these order terms were only defined for
x — oo. However, choosing a general limit x — a can be done by simply defining the variable v’ = 1/(x — a), and x — a7 is
the same as taking ¥’ — oc.

We also list a few properties of these functions here for 2 — 0, which will help us throughout the proof:
a) Forany ¢ # 0, ©(c- P(x)) = O(P(x)).
b) For any functions P (x) and Py(z), O(Py(z)) + O(Ps(z)) = © (max {| Py (z)|, | P2(z)|}).
¢) For any functions P; (z) and Pa(x), O(P1(x)) - O(Pa(x)) = O(P1(x) Py (z)).
d) For any functions P (x) and Py(z), ©(Py(z))/O(P(z)) = O(P1(z)/ Pe(x)).

Definition 3 has two direct implications for a quasi-static heat engine:

(i) The temperature of the final state of the cold bath T, only increases w.r.t. its initial temperature by an infinitesimal
amount, i.e. Tf = Teol + T& 9 + O(9%).

(ii) The amount of work extracted is infinitesimal: as we shall see later, the extractable perfect and near perfect work W,y > 0
(see Defs. (1), (2)) is of order O(g). This follows from using Eq. (D5) for the case where p}:o]d is a thermal state with
inverse temperature 35 = 8. — g, and calculating the Taylor expansion of Wy about g = 0.

B. The conditions for thermodynamical state transitions

In this section, we briefly state the laws which govern the transitions from initial, p%_qponw 10 final, péoasonw States for one
cycle of our heat engine. By applying these laws, the amount of extractable work W ., can be quantified and expressed as a
function of the cold bath.
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1. Second law for macroscopic systems

The cold bath, machine and battery form a closed but not isolated thermodynamic system. This means only heat exchange
(and not mass exchange) occurs between these systems and the hot bath. Therefore, a transition from pg vw t© P&oavw Will
be possible if and only if the Helmholtz free energy, F' does not increase

F(peoiamw) = F(poanw)s B1)
where
- 1
F(p) := (H), — BS(p), (B2)
and S(p) := —tr(pln p) and (H) p = tr(Hp) being the entropy and the mean energy of state p respectively. Throughout the

manuscript, whenever the state is a thermal state at temperature 3, we use the shorthand notation (HCOM> s and S(5).

The Helmholtz free energy bears a close relation to the relative entropy,

D(pllo) =t(plnp) —tr(plno). (B3)

Whenever p and o are diagonal in the same basis, the relative entropy can be written as

D(pllo) = Zpl lnf (B4)

where p;, g; are the eigenvalues of p and o respectively. Now, for any Hamiltonian H, consider 75 =e PH /7 3, which is the
thermal state at some inverse temperature 3, with partition function Zg = trfe"##], and denote its eigenvalues as ¢;. Then for
any diagonal state p with eigenvalues p;, and denoting { E; }; as the eigenvalues of H,

D(pllTs) sz ln = =—S(p)+ Y _pi(BE; +nZg) = BF(p) + In Zg. (B5)
This implies that

F(p) = %[D@nm) —In 7). (B6)

In Section D we will solve Eq. (B1) in order to evaluate the maximum efficiency.

2. Second laws for nanoscopic systems

In the microscopic quantum regime, where only a few quantum particles are involved, it has been shown that macroscopic
thermodynamics is not a complete description of thermodynamical transitions. More precisely, not only the Helmholtz free
energy, but a whole other family of generalized free energies have to decrease during a state transition [5]. This places further
constraints on whether a particular transition is allowed. In particular, these laws also give necessary and sufficient conditions,
when a system with initial state p2 ;4w can be transformed to final state p&,,qw (both diagonal in the energy eigenbasis), with the
help of any catalyst/machine which is returned to its initial state after the process.

We can apply these second laws to our scenario by associating the catalyst with p{;, and considering the state transition
Py ® 18 = P @ ploa as described in Section A. Note that the initial state p ® 70,4 is block-diagonal in the energy
eigenbasis (for the battery by our choice, and for the cold bath because it is a thermal state). By catalytic thermal operations, the
final state is also block-diagonal in the energy eigenbasis. Furthermore, according to the second laws in [5], the transition from
Py ® Toia = Py @ Péoiq is then possible iff

Fo (78010 ® P Totaw) = Fa(plola ® Py Tooaw)  VYor > 0, (B7)

where 784w is the thermal state of the system at temperature Tiio; of the surrounding bath. The quantity F,(p, o) for a > 0
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corresponds to a family of free energies defined in [5], which can be written in the form

Fa(pir) = Bih Da(pll7) — n 2], (B8)

where D, (p||7) are known as a-Rényi divergences. Sometimes we will use the short hand Fi := lim,—o0 Fi. On occasion,
we will refer to a particular transition as being possible/impossible according to the I, free energy constraint. By this, we mean
that for that particular value of « and transition, Eq. (B7) is satisfied/not satisfied. The a-Rényi divergences can be defined for
arbitrary quantum states, giving us necessary (but insufficient) second laws for state transitions [5, 10]. However, since we are
analyzing states which are diagonal in the same eigenbasis, the Rényi divergences can be simplified to

Da(pl|T) anp?qi o, (B9)

where p;, ¢; are the eigenvalues of p and the state 7. The cases & = 0 and o — 1 are defined by continuity, namely

D = li
o(pllr) = lim Da(pllr) =—In > g, (B10)
i:p; #0
Di(pllr) = lim Da(p||7) = szlnj (B11)
and we also define D, as
w(pllT) = lim Dy (p|T) zlnmaX&. (B12)
a—oot [T}

The quantity D1 (p||7) coincides with D(p||T), as we have defined in Eq. (B3), and evaluated in Eq. (B4) for diagonal states.
We will often use this convention. Furthermore, since we are considering initial states which are block-diagonal in the energy
eigenbasis, these generalized second laws are both necessary and sufficient conditions for state transformations. Therefore, in
Section E 2 a we will solve Eq. (B7) explicitly to find an expression for W with the ultimate goal of evaluating the maximum
efficiency in this regime.

The reader should note that for both Section B 1 and B 2, the conditions for state transformation place upper bounds on the
quantity Wey. In particular, this allows us to express the maximum values Wy, can take (such that the joint state transformation
of cold bath and battery is possible) in terms of quantities related to the cold bath, and the error probability €. It is also worth
comparing the conditions for state transformation in Section B 1 and B 2, which are stated in Egs. (B1) and (B7). In particular,
Eq. (B1) is but a particular instance of Eq. (B7), and therefore the nanoscopic second laws always place a stronger upper bound
on Wy compared to the macroscopic second law.

C. Efficiency, maximum efficiency and how to evaluate it

The central quantity of interest in this letter is the efficiency of heat engines. Since we have already introduced the notion
of a heat engine in Section A, and the rules which govern the possibility of thermodynamical transitions of one cycle of a heat
engine in Section B, it is timely to define the efficiency. After defining this quantity, we demonstrate how go about calculating its
maximum value under different conditions, such as for perfect work, near perfect work, in both the macroscopic and nanoscopic
regimes. This will prepare the scene for Sections D and E, where we evaluate the maximum efficiency more explicitly.

1. Definition of efficiency and maximum efficiency
As stated in the main text, the efficiency of a particular heat engine (recall that a heat engine is defined by its initial and final

States P aoniw > Peoldtonw &S described in Section A) is defined as

Wext
AH’

ni= (ChH
where Wy is the amount of work extracted which is defined in Eq. (A7), and AH is the amount of mean energy drawn from
the hot bath, namely AH := tr( Huopho) — T(HuotPiio)» Where piy,, is the reduced state of the hot bath.

Now, consider the set of conditions on state transformations given by Eq. (B7) for nanoscale systems. As discussed in Section
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1

B, these conditions place a restriction on the range of values Wey, can take. Therefore, for any fixed pg,q, we define 7" (pl )

as the maximum achievable efficiency as a function of the final state of the cold bath. More precisely,

e (péold) €2)
= supn(pioa)  subjectto  Fo(pl @ g otaw) = Falply @ ploias Toraw)  Vor > 0. (C3)

ext

In Eq. (C2), we have written the quantity in Eq. (C1) as = n(pg,q) to remind ourselves of its explicit final cold bath state
dependency. Therefore, the maximum efficiency will correspond to maximizing over the final state of the cold bath:

Tlmax = SUup nnano(péold)a (C4)

1
Peoa €S

where S is the space of all quantum states in Hcoq. By analyzing this quantity in Section E, we show that perfect work cannot
be extracted. Therefore, when we calculate the maximization in Eq. (C4) we will consider near perfect work (see Def. 2).

In the macro regime, we have to satisfy a less stringent requirement, namely the macroscopic second law of thermodynamics.
And hence we have that for fixed pgq, 7™ (péoiq) is the maximum efficiency as a function of pgyq
mac (

Ploa) = SUPN(pega)  Subject to F (P?:olde) > F(ptoamw) (C5)

ext

n

and tr(Hy peoiaronw) = T(HpEoraronaw) (Co)
where fICOldeMW is defined in Eq. (A1). Similarly to the nanoscale setting, the maximum efficiency is

Nmax = SUp nmac(péold)' (C7)

1
Peo €S

We can also define the maximum quasi-static efficiencies for the macro and nano scale. The maximum efficiency of a quasi-static
heat engine (see Def. 3), is

e = L 7™"(7(9)), (C8)
T =l 1™ (7(9)), (€9

for the nanoscopic and macroscopic cases respectively. 7(g) € Hcou is the thermal state with Hamiltonian ﬁcold at temperature
By = Be — g and n"*"°, n™* are defined in Eqs. (C2) and (C5) respectively. Since we can extract perfect and near perfect work
in the macroscopic setting, we will derive the efficiency for both cases in Section D.

2. Finding a simplified expression for the efficiency

We can find a more useful expression for A H appearing in Eq. (C1). This can be obtained by observing that since only energy
preserving operations are allowed, we have

tr(Hy pEoationaw) = T(HtPColatonaw ) (C10)

where H, t = ﬁHm + H, Cold + lfIM + Hw. Since the Hamiltonian does not contain interaction terms between these systems, the
mean energy depends only on the reduced states of each system. Mathematically, it means that Eq. (C10) can be written as

tr( Hiiotphior) + tr(Heolap@oia) + tr(Hmpyy) + tr(Hwpyy) = (C11)
tr( Huotpiior) + tr(HcoapEo) + tr(Hwprg) + tr(Hwpsy)- (C12)

Also, note that since pd, = pi;, therefore tr(Hyp%) = tr(Hwpiy). This implies that we have

AH = AC + AW, (C13)
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where
AC =t | Heapboa| — t [ Heoaméou] (C14)
and
AW := tr(Hypyy) — tr(Hwpl). (C15)
are the change in average energy of the cold bath and battery. We can thus write Eq. (C1) as

_ WCXt
AW+ ACT

Furthermore, from Egs. (A5), (A6), (A7) and (C15), we have AW = (1 — €)Wy, and hence we can write the inverse efficiency
as

n (C16)

AC(Péold)

— (C17)
Wext (pénld)

N (PGoa) =1 — €+

where we have made explicit the p{ 4 dependency. We already know from the setting that p2,, is thermal. If pl 4 is also a

thermal state at some temperature 3 according to the cold bath Hamiltonian lﬁIcOld, we will sometimes use the shorthand notation
1(B) for 1(pyq) and AW (8), AC(B) for AW (pggq)s AC(péoq) respectively.

In Section D, we will derive an expression for Wy and solve Egs. (C5), (C7). In Section E, we will derive a new expression
for Wex in the nanoscopic regime, and solve Egs. (C2), (C4).

D. Efficiency of a heat engine according to macroscopic thermodynamics

In this section, we study the efficiency of the setup detailed in Section A under the constraints of macroscopic thermodynamics,
as described in Section B 1. This implies that the Helmholtz free energy solely dictates whether p2 uw — Péoaw 1S possible.
We find that in both cases of extracting perfect and near perfect work,

(1) The maximum achievable efficiency is the Carnot efficiency.
(2) The Carnot efficiency can be achieved for any cold bath Hamiltonian.

(3) The Carnot efficiency is only achieved when the final state of the cold bath is thermal (according to a different temperature
Ty).

(4) The Carnot efficiency is only achieved for quasi-static heat engines, meaning in the limit where T 2 Tcoq. A technical
definition of quasi-static heat engines can be found in Def. 3. Roughly speaking, this means that there is only infinitesimal
change in the final temperature of the cold bath, compared to its original state.

This section can be summarized as follows: in Section D 1, we first apply the macroscopic law of thermodynamics, namely
the fact that Helmholtz free energy is non-increasing, to our heat engine setup. By making use of energy conservation, we can
derive the amount of maximum extractable work as shown in Eq. (D4). Next, in Section D2 we show that when considering
the extraction of perfect work, we show the points (1)-(4) as stated above. In Section D 3, we show that points (1)-(4) hold also
when considering near perfect work.

The main results can be found in Theorem 1 and Lemma 6. One may think points (1)-(4) are obvious since it has long been
known that the optimal achievable efficiency of a heat engine operating between two thermal baths is the Carnot efficiency, and
that this efficiency can only be achieved quasi-statically. The motivations for proving these results here are two-fold. Firstly,
this is a rigorous and mathematical proof of optimality, while usually one encounters arguments such as reversibility, or that
the heat engine must remain in thermal equilibrium at all times during the working of the heat engine. Secondly, we will find
later on at the nano/quantum scale that the Carnot efficiency can be achieved but observation (2) does not hold anymore. For
these reasons, it is worthwhile proving that one can actually achieve points (1)-(4) in this setting for any cold bath Hamiltonian
according to macroscopic thermodynamics. From a practical point of view, many of the technical results proved here will be
needed in the proofs of Section E, where we derive results involving a more refined set of generalized free energies, which
describes thermodynamic transitions for nanoscale quantum systems.
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1. Maximum extractable work according to macroscopic law of thermodynamics

Our first task is to find an expression for Wy, in the macro regime. We do so by solving Eq. (B1) for Wy such that

N 1 . 1
(Heolamw)pr o — ES (PCotamw) < (Heolamw) o, — ES (PCotamw)- (D)

The entropy is an additive quantity under tensor product, meaning that S(p1 ® p2) = S(p1) + S(p2) for any states p1, po.
Furthermore, since the joint Hamiltonian does not contain interaction terms, therefore the mean energy also depends only on the
reduced states. In summary, both S and (H) are additive under a tensor product structure of PLoavw and péoavw as described
in Egs. (A2) and (A3). This means one can rewrite Eq. (D1) by expanding its terms,

N A . 1
(Heowa)pz,, + (Hw)pt, + (Hw) pt, — B [S(pcoa) + S (o) + S(pw)] < (D2)

(Fleaa) o, + (), + () g, — = [S(ra) + S(o) + (%)

Bn

Furthermore, note that py; = py;, and therefore S(p%;), <fIM> pg, are common terms on both sides of Eq. (D2) which can be
cancelled out. Furthermore, by our construction of the battery in Egs. (A4)-(A7), we have that S(p,) = 0, S(py,) = AS =
ha(e) and (I;TW)p\% = E]W and (ﬁw>p\1v = EY. Thus, Eq. (D2) can be simplified to

N 1 N 1 1
Wext + (Heold) o1, — ES (Poia) < (Heola) o, — ES (Pota) + Ehz(fﬁ (D3)

where Wy has been defined in Eq. (A7). In other words, Wex: < F(p2.14) — F(peoa) + ﬁhz(&').

We can also express Wex, with the relative entropy instead, by using Eq. (B6). We can apply this identity to Eq. (D3) whenever
the initial and final states are diagonal in the energy eigenbasis. Note that the initial p2 , is a thermal state (of some temperature),
and therefore diagonal in the energy eigenbasis. Since we start with a state Tgold ® p$, which is diagonal w.r.t. the Hamiltonian,
and since catalytic thermal operations can never increase coherences between energy eigenstates (or in the macro setting, since
we only demand mean energy conservation), we know that the final state pgy ® pyy is also diagonal in the energy eigenbasis.
Therefore, Eq. (D3) can be rewritten w.r.t. the relative entropies as follows

1

L) = -

B, D (Peoiall Tia) = D(pEiallTia) + ha (e)] . (D4)

Wext < F(0Coa) — F(peoa) +

2. Maximum efficiency for perfect work is Carnot efficiency

In this section, we want to find the maximum efficiency according to Egs. (C1), (C5) and (C7), for the case of ¢ = 0 which
implies h2(¢) = 0. We do this by the following steps:

1. Evalaute Wy According to Eq. (D4), we know that

1
Wext = F(poia) — F(péora) = 5 [D(pgoldHTéLold) - D(ﬂéo]d”ﬁ?old)] ) (DS)

Bn

where recall that we have defined T&Id previously as the thermal state of system C with temperature Ty, Note that here
equality can be achieved because in macroscopic thermodynamics, satisfying the free energy constraint is a necessary and
sufficient condition for the possibility of a state transformation. Note that since by construction the initial and final states
of the battery are pure energy eigenstates, namely € = 0 and therefore

Wext = AW, (D6)

2. Write inverse maximum efficiency as optimization problem. By substituting the simplified expression for efficiency derived
in Eq. (C17) into Eq. (C7), we have

L= inf ()"t = 14 inf SO (D7)

T]rnax 1
Pcold Pcola VY ext
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3. Maximize Wey given a fixed value of AC'. This is done in Lemma 1, where we show that given a fixed AC, the final cold
bath state that maximizes Wy, is uniquely a thermal state, corresponding to a certain inverse temperature 3’

4. Show that 3) implies that efficiency is maximized by a thermal state of the cold bath. This is proven in Lemma 2. Therefore,
this implies one only needs to optimize Eq. (D7) over one variable, i.e. 8y, the final temperature of the cold bath.

5. Show that the efficiency is strictly increasing with B¢. This is done first by proving several identities, which are summarized
in Corollary 1. Using these identities, we prove in Lemma 4 that the first derivative of efficiency w.r.t. 3¢ is always positive
over the range where Wy > 0. This leads us to conclude, in Theorem 1, that maximum efficiency is achieved in the limit
B¢ — B., and evaluating the efficiency at this limit gives us the Carnot efficiency.

Firstly, let us develop a technical Lemma 1, which concerns the unique solution towards maximizing Wey, for a fixed AC. By
applying Lemma 1, we show in Lemma 2 that the maximal efficiency is achieved when p{,, is a thermal state. The reader can
easily find similar proofs in [29].

Lemma 1.. Given any I.-Ia.milt.onian Hcon, a correslponding thermal state Télold of some temperature By, and a fixed initial state
p?;old, consider the maximization over final states p¢ g,

HllaX Wex[ (D 8)

Pcold

over all states plq which are diagonal in the energy eigenbasis, subject to the constraint that AC is a constant. Then the
solution for p&.,y is unique, and p is a thermal state according to the Hamiltonian Hcq at a certain temperature 3.

Proof. Firstly, from Eq. (C14) we see that the constraint AC' being a constant, is the same as tr {IA{CoIdPéOM} being a constant.

This is because they differ only by a constant term. On the other hand, from Eq. (C15) and (D6), we can see that Eq. (D8) is
equal to

1 .
max Wey = B [D (PCotal|Teota) — min D (péold||7-élold):| : (D9)

Pcold Pcold

Since ptyq and 7 are both diagonal in the energy eigenbasis (pé,q by the statement in the lemma, and 7 by it being a thermal
state), one can evaluate the relative entropy by using Eq. (B3). Denote the eigenvalues of our variable p(,4 to be {p; };, and the
eigenvalues of the thermal state 7 to be {g; };. We can then write the optimization problem as

?;irfzi:pi(lnpi —Ing;); subjectto zi:piEi = ¢ constant,and Zpi =1.

K3
—BE;
e
; Zg = e PE:
Za >

We can now employ techniques of Lagrange multipliers to solve this optimization. The constrained Lagrange equation is

L({pi},\) = Zpi(lnpi —Ing)+ A <Z Eip; — C) +u (sz - 1) ) (D10)

where ¢; =

;‘j — (Inpi —Ing + 1+ AEi + 1) = 0, (D11)
e > Epi—c=0. (D12)
Zi:zi:pi—lz(). (D13)
We find that the normalized solution is
i = e_Zi/Ei’ Zy = (+m7a, (D14)

and p; are probabilities corresponding to the Boltzmann distribution, according to inverse temperature 3’ = 8 + . Depending
on the mean energy constraint ¢ and normalization condition, one can solve for the Lagrange multipliers A and p. With this we
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conclude that the state p which maximizes D(pg,q|l7) is a thermal state, where its temperature is such that the constraint on
mean energy is satisfied. O

Lemma 2. Consider the work extraction process described by the state transformation pgo]dMW — p(ljolde, where pgold, p(\i,
and py, have been described in Section A. Denote Hcow as the Hilbert space of the cold bath. Then the maximal efficiency in
Eq. (D7) is obtained for a final state of the cold bath pt,,y, which is thermal:

AC

-1 .

i =1+ inf ,
Tmax P(ljoldES'r Wext

(D15)

where S, the set of all thermal states (for ﬁCold with any temperature T' > 0) in Hcog. Furthermore, all non-thermal states do
not achieve the maximum efficiency, i.e.

Mo < 1+ AC
e Wext péold

for any péyq € S\ S (D16)

where S is the space of all quantum states in Hcolq

Proof. First of all, note that without loss of generality we can always consider only diagonal states, as explained in the para-
graph before Eq. (D4) that catalytic thermal operations do not increase coherences between energy eigenstates. We begin by
substituting Eqs. (C14) and (D5) into Eq. (D7), and finding

-1 .
—l — 1+ inf (D17)
K Péold Wext
AC
=1+ inf —— hﬁh — (D18)
ptaa D1(7¢allora) — D1(pcowal| 7Cora)
— 148, |sup Dl(Téold”Tgold) - Dl(p(ljoldHTgold) (D19)

e T(Heoaptoa) — tr(HeoaTeog)

In the last line of Eq. (D19), we see that only two terms depend on the maximization variable pt.,;. This means we can perform
the maximization in two steps:

su D1 (7égall ota) — D1 (otall ota) _ D1 (76l éoa) — B(A) D20
p ~ 1 = . = sup A (D20)
ptaa U(HcoldPgoa) = W(Hcold o) A>0
where B(A) is the optimal value of a separate minimization problem:
B(A) = inf D1(peotall Cota) (D21)

1
Pcold € ‘?
tr(Hcoaploa) —r(Heoa ™) =A

From Lemma 1, we know that the solution of the sub-minimization problem in Eq. (D21) has a unique form, namely p¢.;y = Tgol d
is a thermal state of some temperature 3;. Therefore, Eq. (D20) can be simplified to

D1 (7qall o) = D1(peoll g — sup D1 (7qalléag) — Dl(T(J?coldHTéLold)

sup ¢ - > = 7 > . (D22)
Pt W(Hcopeoa) — r(HeolaTEor) Br  tw(HcoaTegq) — r(Heod o)
Whats more, for every constant A, the function
-1
Dy(re llrh Y — 217"
fo) = (1 a [ () } > 023)

is bijective in z € R and thus due to the uniqueness of the sub-minimization problem in Eq. (D21), we conclude that for all
non-thermal states p¢ 4, the corresponding efficiency will be strictly less than that of Eq. (D19). Thus from Eq. (D22) and (D19)
we conclude the lemma. U

After establishing Lemma 2, we can continue to solve the optimization problem in Eq. (D7) by only looking at final states
which are thermal (according to some final temperature 5y which we optimize over). In the next Lemma 3 and Corollary 1,
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we derive some useful and interesting identities. These identities concern quantities such as the derivatives of mean energy
and entropy of the thermal state (with respect to inverse temperature), and relates them to the variance of energy. We later use
them in Lemma 4 to prove that the Carnot efficiency can only be achieved for quasi-static heat engines. The reader can find
similar proofs in any standard thermodynamic textbook (For example in Sections 6.5, 6. of [23]), but we derive them here for
completeness.

Lemma 3. For any cold bath Hamiltonian Hcold, consider the thermal state T3 = —e —BHeos vith inverse temperature 3.

Define (Heoa)s = tt(Heoats), and S(8) = —73 In 7y to be the mean energy and entropy of T3. Then the following identities
hold:

CW{;:BOMM — —var(Hco) .
p .
% = —f-var(Hcow) s, o

where var(Heoa)s = (H2q)p — <Hcmd>% is the variance of energy for Tg.

Proof. Intuitively we know that the expectation value of energy increases as temperature increases (or as the inverse temperature
decreases). More precisely, consider the probabilities of 74 for each energy level of the Hamiltonian £,

e~ BE:

pi = 7y where Z3 = zi:e*ﬁEi
dp; 1 dz _ 1 dZ -
L = B PP gy - 28 BB = B — — 28— pi B+ pi(Heow) - D26
g Z2 € B a8 € Dily; Z dﬂ Di +pz< C01d>b’ ( )
The last equality holds because of the following identity:
-1dZz -1
— = — —E; B = By = (H, D27
Zdi~ 72 (—F ZP (Hcola) - D27)
Therefore, we have
d(H d(Heo)p d -
Wheols Zi< i = X B [ it (28)
= _<ﬁCold>ﬂ + <HCold>B = _Var(ﬁCold)B- (D29)

On the other hand, similarly, one can prove the second identity by writing down the expression of entropy for the thermal state,

o—BEi o
Z ZBE B{Heoa)s +1n Zg. (D30)
Therefore, the derivative of S(8) w.r.t. 8 is
dS(Tg) 2 d<ﬁc01d>g 1 dZﬁ d<ﬁCold>5 2
— (Heo LATTEed/P . Hecow)s. D31
5 (Heow) s + B 5 75 B =p 5 B - var(Hcow)p (D31)
O
By using Lemma 3 in a special case, we obtain the following corollary:

Corollary 1. Given any Hamiltonian ﬁcold: consider the quantities

C(By) = tr(I—:’COIdTﬁf) — tr(Heouts,) = <fch1d>5f — (Heo) . (D32)

and

1
Wei(By) = F(7,) — F(735,) = N [D(73.|l78,) — D(73,|73,)] » (D33)
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where Tg corresponds to the thermal state defined by Heow at inverse temperature 3. Then

dAC(By)

diﬂf = —var(ﬁc()ld)/gf (D34)
dWexl(Bf) _ Bh _ﬁf 2
dﬂf = Bh VaI‘(HCOld)ﬁf . (D35)

Proof. For AC(By), it is straightforward from Lemma 3 that

dAC d(Heo .
Wgﬁ): <c%?Mf:-4@dH®mmr (D36)

On the other hand, AW () can be simplified by substituting Eq. (B6) into Eq. (D33),

Wew(By) = F(73,) — F(7s,) = (Hcola) s, — (Heowd) s, — é [S(75,) — S(75,)] - (D37)

With this, we can evaluate the derivative

dWew (By) Mmmw+iwwﬂ

dBy dBy Br  dBy
= V&I‘(-HCold)ﬁf - %Vaf(ﬁcom)ﬁf
B — .\
= hThﬂfvar(HCold)ﬁf .
d{Hc . .
The second equality is obtained by Lemma 3 for W;T%, and the third by grouping common factors together. [

In the next step, by using Corollary 1, we show that the optimal efficiency is achieved only in the quasi-static limit, i.e. in the
limit 3 F— Be.

Lemma 4. Evaluate the efficiency expressed in Eq. (C17) for the situation where the final state of the cold bath is a thermal
state at inverse temperature 3 I3

_ Wext(ﬂf)
n(ﬂf) - AC(ﬁf) + Wexl(ﬁf) .

(D38)

Then for all By < B, %ﬁf” > 0.

-1
Proof. To prove this, we show that ‘Z’Tf < 0,wheren™' =1+ VA[TCX[. Evaluating the derivative of n~! w.r.t. 37, we obtain

- vrlllowls [y, - 8P ac] -
_ w Jac 5 (50 - st)] - 2222 (4D
_ V%ﬁfvm%gi | [AO - ﬁlf[swf) - S(m)}] - (D42)

(D43)

The first equality is obtained by invoking the chain rule of differentiation. The second equality is obtained by substituting
dWe ! dAC
dasg 7 dag R . )
recognizing that <HCold>'rgf — (Hcow)rs, = AC. The last inequality is obtained, simply by taking out a common term 3¢ /.

as evaluated earlier in Corollary 1. The third equality is obtained by expressing Wy according to Eq. (D37), plus
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We then make the following observations:

1) The factor
By
>0, (D44)
ﬁ h We2xt
2) The variance of energy for any positive temperature
var(Hcou)g, > 0, (D45)

3) and the last term AC — % [S(7p,) — S(7s.)] can be written as F'(73, ) — F'(73,), where F'is the free energy of a system w.r.t.
a bath with inverse temperature ;. But then, since 75, is the thermal state with the same inverse temperature, this means that
73, is the unique state that minimizes free energy. Therefore, F'(75,) — F'(75,) > 0 for any 75,.

O

From Lemma 2 and Lemma 4, we conclude that the maximization of efficiency for any Hamiltonian H happens for a final
state which is thermal, and the greater its inverse temperature 3¢, the higher efficiency is. With these lemmas we can now prove
the main result of this section (Theorem 1).

In the next theorem, we evaluate the efficiency at the limit 5y — 3., and show that it corresponds to the Carnot efficiency.

Theorem 1 (Carnot Efficiency). Consider all heat engines which extract perfect work (see Definition 1). Then according to the
macroscopic second law of thermodynamics, the maximum achievable efficiency (see Eq. (C7)) is the Carnot efficiency

Mmax = 1 — —. (D46)

It can be obtained for all cold bath Hamiltonians Heow, but only for quasi-static heat engines (as defined in Def. 3 and Eq. (C9)
for quasi-static maximum efficiency), where an infinitesimal amount of work is extracted.

Proof. From Eq. (C7), we have an expression for the optimal efficiency in terms of a maximization over final cold bath states
Peod € S- By Lemma 2, we know that the optimal solution is obtained only for thermal states. Subsequently, by Lemma 4, it
is shown that when the final cold bath is of temperature 3¢, the corresponding efficiency is strictly increasing w.r.t. 3¢. Also
note that since by definition Wey, > 0, this implies that 5y < .. Intuitively, this is because heat cannot flow from a cold to hot
system without any work input. One can also see this mathematically, by showing that for any 5 > S,

dF d A 1 F
d(ﬁTB) =1 (Heow)p — @15(5)} = (?h - 1) var(Hcola)g = 0. (D47)

This implies that if 5 > 8. > B, then F(B¢) > F(B.), and according to Eq. (D33) Wy < 0. Therefore, the optimal
efficiency must be achieved only when the p{, is a thermal state whose inverse temperature 3 approaches /3. from below. Let
B¢ = Bc — g, where g > 0. Then Thus we have

’ - AC
Do = m (1™) 7 (B —g), (™) H(Be—g) =1+ (D48)

g—0t Wext PEa=T(Be—g)

Since as g — 07, both the numerator and denominator vanish, we can evaluate this limit by first applying L"Hdspital rule, the

chain rule for derivatives (for any function F’, % = —%), and then Corollary 1 to obtain
dAC dAC
lim AC — lim -% — lim by _ Bn .
920t Wex gm0+ L g sp SR B — P
This implies that
ﬁh 60

Mo = lm (™) 718, — g) =1+ (D49)

g0+ Be—Bn  Be—Pn

and hence Nyax = 1 — g—h O



22

3. Maximum efficiency for near perfect work is still Carnot efficiency

In this section, we show that even while allowing a non-zero failure probability £ > 0 in the near perfect work scenario, the
maximum achievable efficiency is still the Carnot efficiency. It is worth noting that this result is also important later, as an upper
bound to maximum efficiency in the nanoscopic regime. We first prove it in Lemma 5 for the case where the final state of the
battery is fixed as in Eq. (A6). Then later, we show in Lemma 6 that Carnot is still the maximum, even if we allow a more
general final battery state. Before we present the proof, it is useful for the reader to recall the definition of near perfect work
(Def. 2) and quasi-static heat engines (Def. 3).

Lemma 5. Consider all heat engines which extract near perfect work (see Def. 2). Then according to the macroscopic second
law of thermodyanmics, the maximum efficiency of a heat engine, nmax is the Carnot efficiency

Nmax = sup 1™(p¢) =1 — @, (D50)
p(l,es /Bc

and the supremum can only be achieved for quasi-static heat engines (see Def. (3) and Eq. (C9)).

Proof. The ideas in this proof are very similar to that of Section D 2, and the main complication comes from proving that even
if we allow € > 0, as long as AS/W,y, is arbitrarily small, the maximum efficiency cannot surpass the Carnot efficiency.
Let us begin by establishing the relevant quantities for near perfect work extraction. The amount of work extractable from the

heat engine, when we have a probability of failure, according to the standard free energy can be obtained by solving Eq. (D5).
We thus have that the maximum Wy is

Wex = B, ' (1 —&)~" [D(7s,ll78,) — D(pélIms,) + AS] (D51)

where AS is defined in Eq. (A9).

Before we continue with the analysis, we will note a trivial consequence of Eq. (D51). Condition 1) in Def 2 implies that
(1 — €)' is upper bounded. The terms in square brackets in Eq. (D51) are also clearly upper bounded for finite 3., 3;,. Hence
Wex is bounded from above. AS is solely a function of € and only approaches zero in the limits e — 0%, e — 17;ande — 1~
is forbidden by 1) in Def 2. Thus if 1) and 2) in Def 2 are satisfied,

. AS
lim =

0. D52
e—0t WBXI ( )

In turn, if Eq. (D52) is satisfied, then we have near perfect work by Def. 2. Thus Eq. (D52) is satisfied iff we have near perfect
work. We will use this result later in the proof.

Extracting a positive amount of near perfect work implies that we can rule out all states p¢- such that D(73, |75, ) < D(pt||75,)
from the analysis. This can be proven by contradiction: if D(7g,[|75,) < D(p¢||75, ), then from Eq. (D51) By Wey < AS/(1—¢)
and together with 2) in Def 2 this would imply

0<pul—e)< 25

ext

<p. (D53)

However, since from 1) Def. 2 we have ¢ < [, Eq. (D53) cannot be satisfied for all p > 0, leading to a contradiction.
From Eq. (D7) we have

_ . AC BrAC
malx:1—€+ inf = 1—5|:1+ :|7
L Mos Wer = U7 [V Dlr i) — DGoilis) + A5

(D54)

where AC' = AC(p{) and is defined in Eq. (C14).

Firstly, let us show that with a similar analysis as shown in Lemma 2, the maximum efficiency occurs when p¢ is a thermal
state. From Eq. (D54), we have

Nmax = (1 =€) {1 + Bp inf (D55)

AC ]
ptes D(g,

Tﬂh) - D(péHTﬁh) + AS

. A
=(=9 [l o D) — BA) AS} ®36)
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where

B(A) = inf D(p¢|7s,)- (D57)
peES
tr(Heoupe) —tr(HeoaTs, )=A

We can split this minimization problem to Eqgs. (D56) and (D57) because D(7g, ||73, ) and AS do not depend on the variable p.
Furthermore, when p{, 4 is a thermal state of inverse temperature 3¢, we have seen in the beginning of the proof in Theorem 1

that for Wey > 0, B¢ < B.. This implies that the variable A = AC = tI'(]:ICo]dTlg ;)= tr(]:[(;o]dTgc) > 0.

By Lemma 1, for any fixed A > 0 we conclude that the infimum in Eq. (D57) is achieved uniquely when p¢. is a thermal state.
Therefore, our optimization problem is simplified to optimization over final temperatures 3 (or g = 8. — By),

AC

1 .

Nmax = (1 =€) - |1+ B inf (D58)
@ D(7s,||78,) — D(75,|75,) + AS

Consider cases of 3y, where D(7g,|75,) — D(75,(|75, ) is non-vanishing (finite), which are non quasi-static. Note that this
always corresponds to extracting near perfect work, since when ¢ — 0T, we have ¢, AS — 0 and these contributions dissapear
from Eq. (D58). However, by Lemma 2 we also know that the infimum over 3y occurs uniquely at the quasi-static limit, when
g — 07. This means that for all non quasi-static cases, Carnot efficiency cannot be achieved.

What remains, is then to consider the quasi-static heat engine, namely the limit g — 0. Extracting near perfect work in this
case corresponds to requiring that limg_, o+ VAViS[ = 0, where ¢ = ¢(g) and lim,_,+ €(g) = 0. Equivalently

. Wext
1 = D59
g0 AS 7 (D39
Substituting Eq. (D51) into Eq. (D59),
_ D(7s.|lm8,) — D(75,|75,)
. _ 1 I7Bn s W8/ | _
92%1+(1 e(g)) 1+ AS =00 (D60)
D -D
which implies that lim (5. 1751) (75, I751) = 00, or equivalently,
g—0t AS
AS
lim lim =0. (D61)
e=0t g—0+ D(7g,[|75,) — D(73,I78,)
Finally, we evaluate the inverse efficiency at the quasi-static limit,
AC
L= lim (1—¢(g))- |1+ } (D62)
! 9—>0+( (9) ﬂhD(TBc 8,) — D(73,lI78,) + AS
AC
=1+ lim (D63)
g=0+ D(7p,[I78,) — D(73,|[78,) + AS
AC AS !
=140, lim . <1 + ) (D64)
g=0+ [D(73,||75,) — D(75,|75,)] D(7g.lI78,) — D(73,I75,)
dAC(15,)/dg
=148, lim ——— 77 (D65)
g—0t dD(TBf HTﬁh)/dg
Bn
=1 , (D66)
ﬁh - ﬂc

where from Eq. (D64) to (D65), we make use of Eq. (D61) : the second term within the limit is simply 1, and the first term
depends only on g, which we can obtain Eq. (D65) by invoking the L’Hospital rule. The last equality in Eq. (D66) follows
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AWext
dpy

directly from the identities we derived for and % in Corollary 1,

dAC  dAC

W = *Tﬂf = *Var(HCOld),Bf (D67)
dD(Tﬁf ||Tﬁh,) o dD(Tﬁf ”7_5}1) o AWex i -
dg =— a3, = B b, (Bn — By)var(Hcola) s, » (D68)

while in the limit g — 0, 3 = S..
Finally, we now see that the quasi-static efficiency is

(Br=Be=Bn\T _Be=Bn _, B
( By — B > =5 Tl (D69)

which is exactly the Carnot efficiency. O

Later, in Section F2 we will need Lemma 2 to hold in a more general scenario, i.e. instead of the final battery state being
pyv = (1 =) |ExXEx|y + €| E;)XE;|y. we want to allow the final battery state to be any energy block-diagonal state with trace
distance €. Next we state and prove this generalized lemma.

Lemma 6. Consider all heat engines which extract near perfect work (see Definition 2), but allowing for any final battery state
with a trace distance ¢ to the ideal final pure state |Ey, ) Ey|y. Then according to the macroscopic second law of thermodynamics,
the maximum efficiency of a heat engine, Nmax is the Carnot efficiency

Nmax = sup 1™<(p¢) = 1 bn (D70)

pLES ﬂc ’
and the supremum is only achieved for quasi-static heat engines (see Def. (3) and Eq. (C9)).

Proof. Firstly, let us note that since the initial state p2 ,,w We start out with is energy block-diagonal, the final state has to also
be block-diagonal. Therefore, given the product structure between the cold bath and battery, it is sufficient to consider the case
when the final battery state is energy block-diagonal. Next, let us note that any final state p3, which is energy block-diagonal,
and has trace distance ¢ with |Ej)(E} |y, can be written as,

Py = (1— &) | Ex)XExly +epiy™, where g3 = " pi [E)Eily . > pi=1andpj =0. (D71)

Next, one can calculate Wy given by the standard free energy condition, i.e.
F(75.) + F(pW) > Flpcas) + Fow)- (D72)
Using the identity F'(p) = tr(Hp) — 8715 (p), we have that

F(15,) + E; > F(po) + (1 — ) By, + etr(Hwply™) — B, S(0%). (D73)

Substituting Wey, = Ej, — Ej, and rearranging terms, we have

(1= &)Wext < F(75,) = Flptoa) + 85, ' AS — elte(Hwpy'™) — Ej). (D74)

Finally, by using the identity (in Eq. (B6)) that F(p) = 3, '[D(p||73,) — In Z, ], the maximum amount of extractable work is
given by

We = (1= )78, - [D(75.1175,) — D(peauallTs,) + AS — eE], (D75)

where E = tr(Hw ™) — E;.
Following the steps in Lemma 5, in particular the derivations in Eq. (D55) and (D56), we have

AC

= (D76)
D(7p,||78,) — D(73,|I73,) + AS —¢E

Nax = (L =€)+ |14 B inf
A0f>0
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To show Eq. (D76) gives the Carnot efficiency, we show that 1) for non quasi-static cases where 5y < 8., Carnot efficiency is
not attained, and 2) in the quasi-static limit, Carnot efficiency is attained.

Let us first consider the case of extracting a non-vanishing amount of near perfect work, i.e. for all cases where 3 < f..
Then near perfect work, by Def. 2, corresponds to the limit ¢ — 0,

n~l=1lim (1—¢)- |14 B4 AC _
=0 D(7s,\I75,) = D(75,|l73,) + AS — €E

AC
78, 178,) — D(75,175,)

(D77)

:1+5hD< (D78)

In this limit, all terms involving € vanish, and the inverse efficiency has the same expression as the efficiency for perfect work.
We already know from Lemma 4 that the infimum over 3; cannot be obtained in this regime, since the inverse efficiency is
strictly decreasing with 3.

Therefore, again we are left with analyzing the quasi-static limit for this problem. Following the derivation in Eq. (D64) for
the quasi-static limit, we obtain

~ —1

AC AS —eFE

—1 .

Nmax = 1+ B lim 1+ : (D79)
9-0% [D(73,I75,) — D(7;|75,)] ( D(7s,\I78,) — D(75,|75,)

where ¢ = £(g) and note that requiring near perfect work implies that

AS
lim =0. (D80)
g—07T D(T/BC ”TBh) - D(Tﬁf HT/@h)

Next, we observe the relationship between € and AS, in the regime where ¢ is small. Given any € > 0 denoting the trace distance
d(p%, |Ex)XEklw) = €, the smallest amount of entropy that can be produced corresponds to AS = ha(e). This is because if
we try to distribute the weight £ over more energy eigenvalues, then by majorization the entropy only increases. But we also
know that ¢ < hy(e) for small values of €, in particular over the regime e € [0, 3]. Therefore, we have that in this regime,
€ < ha(e) < AS holds. Therefore, we also know that

elk

lim =0, (D81)
90+ D(7p.[78,) — D(75, |75, )
where ¢ = £(g). Plugging Eqns. (D80) and (D81) into Eq. (D79), we have that the quasi-static efficiency isp = 1 — g—’ O

E. Efficiency of a nanoscopic quantum heat engine

In this section, we will be applying the conditions for state transitions for nanoscale systems, as detailed in Section B 2. The
reader will see that due to these extra constraints from the generalized free energies, the fundamental limitations on efficiency
will differ greatly from those observed in Section D.

Firstly, in Section E 1, we show that the extraction of a positive amount of perfect work is impossible using the setup. In
Section E 2, we show that this can be resolved by considering near perfect work instead. Then we find that

(1) The maximum achievable efficiency is still the Carnot efficiency. This is proven in Section E2b.

(2) However, the Carnot efficiency cannot be achieved for all cold bath Hamiltonians. This is our main result, which is
stated in Theorem 2, found in Section E 2 f. The results in Section E2 d and E 2 e are more technical proofs, that pave
the way for deriving this main result.

(3) The Carnot efficiency is only achieved when the final state of the cold bath is thermal (according to a different temperature
T'y). This is proven in Section E2b.

(4) The Carnot efficiency is only achieved for quasi-static heat engines (see Def. 3), meaning in the limit where Ty 2 Tcoia.
This is proven in Section E 2 b.
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1. Impossibility of extracting perfect work

We will first show that with the general setup as described in Section A, no perfect work can ever be extracted. By this we
mean that whenever ¢ as defined in Eq.(A6) equals zero, then for any value of Wey; > 0, and for any final state p¢,, the
transition | E;)(Ej|lw ® 78 — | Ek)(Ek|lw @ plyq is not possible. Intuitively speaking, this occurs because the cold bath is
initially in a state of full rank. Since thermal operations cannot decrease the rank of the system, therefore the final state of the
cold bath p{;, must also be of full rank. By directly solving Eq. (B7), we find that the amount of extractable work satisfies

Wext < KThor olgfo [Da(TgoldHTéLold) - Da(péoldHTéLold)] ) (ED)

where Tchold is the thermal state of the cold bath (according to the cold bath Hamiltonian ﬁcold), at temperature Ty (since the
surrounding hot bath is of temperature Tiio). However from Eq. (B8), Do (784 /17a) = Do (peonll 7). Therefore according
to Eq. (E1), the amount of work extractable satisfies Wyt < 0.

We phrase this with more rigor in the following Lemmas 7 and 8, which proves that for perfect work, Wey > 0 is impossible.
The proof holds for general initial states p2 ;4 of full rank, in particular, they need not even be diagonal in the energy eigenbasis.

Lemma 7. For any Wy > 0, consider the Hamiltonian Hy given by Eq. (A4). Then for any inverse temperature By, > 0, the

thermal state T = me_ﬁhﬁw satisfies

w[([E;)(Ejlw — [Exk)(Ex|w) Tw] > 0. (E2)
Proof. Follows directly from the definitions. Since Wy > 0, we know that E;N < E}Y. Evaluating the quantity above gives
e (eiﬁhE]w - eiBhEg) =0 -

Lemma 8. Consider any general quantum state p,, of full rank. Then for any pt,,q the transition from p2 4 @p% — Poa® Py
is not possible via catalytic thermal operations if

w[ (Mg 11, ) ] >0, (E3)

where 11, is the projector onto the support of state p, and T is the thermal state of the working body at the initial hot bath
temperature.

Proof. One can show this by invoking the quantum second law for « = 0 [5], which says that if p;;, — pout 1S possible via
catalytic thermal operations, then

DO(pinHT) > DO(poutHT)a (E4)

where 7 is the thermal state of the system at bath temperature, and

Dy(p|lo) = lim Intr[p®e ™) = — Intr[Il, 0], (E5)

a—0t a0 —

is defined for arbitrary quantum states p, o. Applying this law with pi, = p% ® p2 4 and pout = piy @ péygs We arrive at

DO(P%«HTV@) - DO(P%V”T\}{/) > DO(Pclzold||Tgold) - DO(pgoldHTgold)’ (E6)

where Télold and 7} are thermal states of the cold bath and battery at the temperature of surrounding hot bath (Tj) respectively.
Since p2,4 have full rank, and since 7%, is normalized, therefore according to Eq. (E5), Do(p2.4ll7&a) = 0. Furthermore,
since the «—Rényi divergence D is non-negative, therefore the r.h.s. of Eq. (E6) is lower bounded by 0. Thus, we have

tr[(IL,g — IT,1 )7w] < 0. (E7)

Since this is a necessary condition for state transformations, we arrive at the conclusion that: when Eq. (E7) is violated, state
transformations are not possible. But from Lemma 7, any type of perfect work extraction violates Eq. (E7). Therefore, in this
setting, perfect work extraction is always impossible.

O

To summarize, Lemma 8 implies that if the initial state of the cold bath is thermal, and therefore of full rank, then any work
extraction scheme via thermal operations bringing p = |7) (jlw to py, = |k) (k|lw where Wey, = E)Y — E}Y > 0 is not possible.
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In general, we see that if IT,o # TI, , then when transition py, to py, is possible, transition py to py is not. Consequentially,
we will have to consider near perfect work at the nano regime.

2. Efficiency for extracting near perfect work

As we have just seen in the previous Section E 1, we cannot extract perfect work. Due to the impossibility result, we consider
the relaxation of extracting near perfect work in the nanoscale setting.

e We begin by evaluating the expression for efficiency according to the nanoscopic laws of thermodynamics, given a final
state of the cold bath, and comparing it to the expression according to macroscopic laws of thermodynamics. This is
done in Sections E2a and E2b, and the relation between two efficiencies are summarized in Eq. (E14). Since the
nanoscopic efficiency is always smaller than the macroscopic efficiency, which attains Carnot efficiency only in the quasi-
static limit, it will be possible only to attain Carnot efficiency in the quasi-static limit, when considering nanoscopic laws
of thermodynamics.

e We analyze the quasi-static regime, focusing on the special case where the cold bath consists of n qubits. Since the quasi-
static limit corresponds to the case of small g > 0, and ¢ also has to be arbitrarily small for near perfect work extraction,
we perform Taylor expansion of the analytical expressions for Wy and AC w.r.t. g and €. This is done in Section E2c.

e In Section E 2 d, we identify how to choose £(g) such that it corresponds to drawing near perfect work in the quasi-static
limit. We first begin by observing that any continuous function £(g) that vanishes in the limit ¢ — 0 can be characterize
with a real-valued parameter % that determine how quickly € goes to zero. This is shown in Lemma 11. In Lemma 12, we
show that near perfect work is drawn only if & € [0, 1].

e Lemma 12 gives us the analytical expression and minimization range in order to evaluate Wy, according to Eq. (E66). In

Section E 2 e, we show how one can evaluate this optimization problem, by comparing the stationary points and endpoints
of the function f‘f < that gives the leading term in Eq. (E66). Lemma 13 proves a technical property of the first derivative
of this function. Using it, we prove in Lemma 14 that one can always choose €(g) with some % < 1 such that the infimum

of ‘Z‘f < is obtained at either & = Kk or o — oo.

e Finally, in Section E 2 f, we use the results in Section E 2 e regarding the evaluation of Wy, to find the efficiency in the
quasi-static limit.

a. An explicit expression for Wex

Our first task is to work out an explicit expression for W, depending on the initial and final states of the cold bath, € and hot
bath (inverse) temperature 3. Such as expression is found by applying the generalized second laws as detailed in Section B 2.

Lemma 9. Consider the transition
0 0 1 1 .
TCold ® PW — PCold @ Py With &> 0. (E8)

where p$, and py, are defined in Egs. (AS), (A6) respectively. Let Wex denote the maximum possible value such that Eq. (E8)
is possible via catalytic thermal operations, with a thermal bath of inverse temperature f3y,. Let B. > (1. Then the final state
Peoid = 2o PiEiY(Eilcola is block-diagonal in the energy eigenbasis, and

Wext = inf Wa, (E9)
a>0
1 o
W, = m[ln(A —e*) —aln(l —¢)], (E10)
o l—a
g il (E11)

- o 1—a?
>

—BeE; e PnE;
Zpe 4= Zay,

e

where p; = , and p); are the probability amplitudes of state pt.,; when written in the energy eigenbasis of

Hco. The quantities W1 and W, are defined by taking the limit o — 1, +o00 respectively.
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Proof. Eq. (B7) is necessary and sufficient for Eq. (E8) to be satisfied. We can apply the additivity property of the Rényi
divergence, to Eq. (B7) to find

Do (P llmw) + Da(75.0175,) = Da(pwllmw) + Dalpéoalls,), (E12)

where 73, is the thermal state with Hamiltonian Hw at inverse temperature 3;. We define W, to be the value of EkW - E]W
that satisfies Eq. (E12) with equality. A straightforward manipulation of these equations gives the expression for W,. Then
Wext = info>0 W, is the maximum value that satisfies the inequalities Eq. (E12) for all o > 0. O

As we will see later there exist péold such that, W given by Eq. (E9), has a solution (i.e. Wy > 0) for any € > 0.

We can use this to write down an explicit solution to the maximization problem Eq. (C2). Using Egs. (C2), (C17) and Lemma
9, we conclude

| AC(péga) B
nano 1 =(1—¢e+- o o
n™* (pcota) ( infa>0 Wa (poi) o

where W, is given by Egs. (E10), (E11) and recall AC' can be found in Eq. (C14). From Egs. (E13), (E10), (E11), we see that
the optimization problem sup g 7" (peo1q) is still a formidable task. In the next section, see will show that we can use the
results from Section D, to drastically simplify the problem.

b.  An upper bound for the efficiency

Before moving on to solving the nanoscale efficiency explicitly, we will first use the results of Section D3 to find upper
bounds for the efficiency in the nanoscale regime, in the context of extracting near perfect work (Def. 2).

Recall how we have discussed in comparing Sections B 1 and B 2, that the solution for the family of free entropies F},, in the
case of I is simply the Helmholts free energy. Therefore, from Lemma 9, it follows that WW; is simply the maximum amount of
extractable work according to Eq. (B1). From Egs. (C5), (C17),

: AC(P%: ld) -
1™ (peoa) = (1 —et —— ) . (E14)
cold Wl(p(llold)

One can now compare Eq. (E14) with Eq. (E13), and note that for any pt,y € S, we have Wi (plyq) = infa>0 Wa(pdya)-
Therefore, we conclude that for any pt.y € S,

" (peora) < ™ (PEota)- (E15)

Eq. (E15) in conjunction with Lemma 5 has an important consequence. Namely,

n

sup 7™ (o) (E16)
p(lfuld €S

{§ 1—Bn/B. if the state pl,,y that solves the supremum is that of a quasi-static heat engine, E17)

<1—p,/B. if the state pl4 that solves the supremum is not that of a quasi-static heat engine.
This tells us that if we cannot achieve the Carnot efficiency for a quasi-static heat engine, we can never achieve it, and can only

achieve a lower efficiency. We therefore will only consider the quasi-static regime in the rest of Section E.

c. Evaluating near perfect work in the quasi-static heat engine

In light of the results from the previous section, we will now calculate the near perfect work Wy, for quasi-static heat engines,
i.e. the case where ¢, g < 1. Specifically, we make the following assumption about the cold bath Hamiltonian:
(A.5) The Hamiltonian is taken to be of n qubits:

Heoa = » 19"V @ H, @ 190F, where  He i = Ej|Ex)(Exl, (E18)
k=1
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and Ej, > 0 is the energy gap of the k-th qubit.
The tensor product structure in Assumption (A.5) allows us to simplify p2 4, to

n
peoa = Q) Tige (E19)
=1

where 7; g is the thermal state of ith qubit Hamiltonian fIi,c at inverse temperature .. For the simplicity of following proofs,
we present them in the special case of identical qubits, i.e. that E/; = E for all 1 <+ < n. This means Eq. (E19) can be reduced
to

Pold = T,g? " (E20)
Furthermore, since we consider quasi-static heat engines, the output state is
1
Plold = TG, (E21)

with 85 = B, — g ,where 0 < g < 1. Eq. (E18) together with Eq. (E21) allows us to further simplify Eq. (E11) to

a l—a\"
A= (Zplql a) : (E22)
>
e~ BecE; / e PrEi e BrEi eyl . .
where p; = Zoo 0 Pi = Tz 4 = S, are the probabilities of thermal states (different temperatures) for the qubit
c f h

Hamiltonian H,.. The proof follows along the same lines as the proof to Lemma 9, but now noting that in Eq. (E12) we
can replace Dq (Tcow||75,) and Dq (péoqll7s, ) wWith nDo(75.[/73,) and nDy(75,|/73,) respectively. This follows from the
additivity property of the Rényi divergences. After proving the special case of identical qubits, we show in Theorem 2 that it can
be extended to non-identical qubits as generally described by Assumption (A.5).

Since we are dealing with near perfect work and quasi-static heat engines, both ¢ > 0 and € > 0 are infinitesimally small.
Thus with the goal in find of finding a solution for Wy from Eqs. (E9), (E10), and (E22); we will proceed to find an expansion
of W, for small € and g.

i) The expansion of A in a quasi-static heat engine

To simplify our calculations of Wy, especially that of efficiency, it is important to express A in Eq. (E22) in terms of its first
order expansion w.r.t. the parameter g. Recall that this parameter g = 8. — 3 is the difference of inverse temperature between
the initial and final state of the cold bath.

Firstly, note that for any integer n, the expression in Eq. (E22) evaluates to A|,—¢ = 1. This is because at ¢ = 0, 87 = S5 and
therefore the probabilities p;, p; are identical. To obtain an approximation in the regime 0 < g < 1, we derive

—n (E;p?qi “) (Zp;“qf "‘) [Zap"“ g dﬂ (E23)
— —anA (Zp;“qi “) [Zpi“qi “( <ﬁc>ﬁf>1. (E24)

The first inequality holds by noticing that only the probabilities p; depend on g, which means only the denominator in Eq. (E22)
is differentiated, using the chain rule

dA({pi}) _ ~—~ dA({pi}) dp;
T = 3 e da (E25)

’

—;ig; = pi(E; — (Hc)p,) as derived in Eq. (D26). Evaluated at

The equality in Eq. (E24) makes
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g = 0, implies that p; = p;, and therefore this gives
dA
dg 9=0

Bo = e opial = ((Hs. — i) (E27)

sz 4 "5

Recall that p;, g; are probabilties of the thermal states of H., at inverse temperatures f3., O, respectively. With this, we can write
the expansion of A with respect to g as

= anB,, where (E26)

A =1+ angB, + 6(g?). (E28)

Later on, we will also need to evaluate the derivative of B, w.r.t. «. This quantity, when evaluated at « = 1, has a close
relation to the change in average energy of the cold bath (per copy), %

Lemma 10. Let

d
AC'(B.) := d—AC(ﬂf) , (E29)
g g=0
where recall By = B. — g. Then
dB,, o
By =a) PPy = (6~ 1) var( ) (E30)
a=1

Proof. From the definition of AC' (Eq. (C14)) and using Egs. (E18), (E19), (E21), we have

AC .
= tr[(Tgf —18,)H]. (E31)

Recalling that 3y = 3. — g and using Eq. (D36), from Eq. (E31) it follows

= var(H.)g. . (E32)
ﬁf ﬁc

1dAC

1 1dAC

g=0 n dﬁf

Now, let us evaluate the partial derivative of B, w.r.t. . Denoting r; = %, and invoking the chain rule of derivatives for
Eq. (E27)

= (Zp?(ﬁ “) { [an’ s () g, — Ey) pr“q3 0‘] (E33)
- quwf‘ lnm] lpr‘qll “( ¢) B fEl-) } (E34)

Substituting o = 1 into Eq. (E33), we obtain that >, p&q;~* = 1. Also, 3., pq; ~ a((Hc)gc — E;) = 0 while the factor
multiplied in front is finite. Therefore, we are left with the terms

B; = sz' Inr; (<I:Ic>[3c - Ez) (E35)
Z .

-¥n [ln 2 v (n- mEZ} (H)p, — ) (E36)

= (Be — Bu)var(H,)s. (E37)

_ e ﬂh ——AC(Be). (E38)

The second equality comes from substituting r; = % = ePn=B)E: . 7, /Z.. In the third equality, In % is brought out
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of the summation, while the summation yields 0. Subsequently, we invoke >, p; E;((Hc)p, — E;i) = (HJ%C — (H2)g, =
—var(H,)a,. O

ii) The expansion of W, in the quasi-static heat engine

We now proceed to derive an expansion of W, valid for small g, and €. Note that W7 is defined through continuity to be the
limit of the Rényi divergences at & — 1, and the small € and g expansion does not hold for o = 0, we shall have to examine W;
and W separately.

(A)Fore >0, € (0,1) U(1,00)

1 (0%
Wy = m[ln(fl — &) —aln(l —¢)] (E39)
! 2 *) —aln(l—¢
G [In (14 angBa + 6(g%) —®) — aln(1 — ¢)] (E40)
= m [angB, + ©(g°) — e* + O(*¥) + O(ge®) — a (—e + © (¢?))] . (E41)
- [angB, — * + ae] + O(g?) + O(e**) + O(ge®) + O(e?). (E42)
ﬂh(a — 1)

In the second equality, we have used the expansion of A derived in Eq. (E28). In the third equality, we use the Mercator series

ot k+1
n(l+ z) Z 2k |z <1, (E43)
=1

to expand both of the natural logarithms in line Eq. (E39). The order terms of ©(g?), ©(g*), ©(g?c®) vanish because they are
of higher order compared with ©(g?) and ©(ge®). The last equality occurs because cO(g(x)) = O(g(z)) for any ¢ € R\0.
B)Fore >0,a=1

We are now interested in finding a small € > 0, g > 0 expansion for W3, which is defined through continuity of the Rényi
divergences. Going back to Eq. (E12), note that /7 is the maximum value such that Eq. (E12) holds with equality, when all D,
terms in Eq. (E12) are evaluated at « — 1. Recall that lim,—,1 D, (p||7) = D(pl||7), the relative entropy we have derived in
Section D (see Eq. (B10)). Therefore, one can write an equation for W3 in a more compact form: W is the value such that

L8] + (1 - W) — 2hy(e), (E44)

e[, - 5-5(80) =0 (05, - e

Bn

where (H.)g, is the mean energy evaluated at temperature Tcoq, S(/3.) is the von Neumann entropy of the state 75_, and hy (¢)
is the binary entropy function. Rearranging Eq. (E44), we get

Wy = ! {n<HC>ﬁc - n<ﬁ0>ﬁf

1—¢

ﬁ

We can expand (E45) using a power law expansion in g and ¢ for the terms in Eq.(E45), obtaining

(S(8.) - <5f>>+1h2<s>]. (E45)
h Bh

A —1
W, = [1—&—5—&—@(52)} ) lnd( <Hc>ﬁfc‘l;ﬁh S(By)) g+0(g ) EhQ( )] . (E46)
g=0
To proceed, we recall that 5y = 5. — g and evaluate the term
JF -1 2 a1
A=A, + 515G _ WAy = BSGD)| o Bem g
dg 9=0 dBy Br=Be B
_ Be=bn var(H.) s, . (E48)

Bh
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This implies that when fully expanded, Eq. (E46) reads as

Wi :ngﬁcg Bn var(H,), + B 'ha(e) + O(eg) + O(e)ha(e) + O(ge?) + O(%)hy(e) (E49)
h
+0(¢°) + O(eg”) + O(e%9%) (ES0)
:ng@var(ﬁc)gc + B, H(—elne +¢) + O(eg) + O(? Ine) + O(?) + O(g?), (E51)
h
where we have used ha(¢) = —elne + O(e), which follows from finding the power-law expansion of the second term in Eq.

(A10).

Although Eq. (E42) is not defined for @ = 1, we can evaluate it in the limit & — 1 to see if it coincides with the correct
expression of Wy (in Eq. (ES1)) at least for the leading order term (found in square brackets of Eq. (E42)). For the leading order
term of Eq. (E42), we find

. L« a1 . aBy % —ae

(}zl—)nll Br(a—1) langBo — &% + ac] = §, {ng (l1—>ml a—1 clul—>ml a—1 } (E52)

-1 . O[Ba .
=B, {ngclyﬂa—1+( elns+s)}, (E53)
= ngﬂc — b var(H,)p, + B, ' (—elne +¢). (E54)

h
The last equality holds because
. aB, .. dB,

2 a1 oM da (£
= (Be — Bn) - var(He)p, (ES6)

where Eq. (ES5) is derived from L'Hospital rule (B; = 0 follows from the definition, see Eq. (E26)), and Eq. (E56) comes by
invoking Lemma 10. Thus noting that Eq. (E54) is simply the first two terms in Eq. (E56), we conclude that the small g > 0
and € > 0 expansion of W, for a > 0 can be summarized as

Wo = (E57)
m [angBa, — e + ag] + O(g%) + O(**) + O(g*) + O(?) ifa>0a#1

E58
lim ———— [angB, — e + ag] + O(eg) + O(c®Ine) + O(e?) + O(¢%) ifa = 1. (E58)
a—17t Bh(a — 1)

(C©)Fora=0
We will now investigate the &« = 0 case. This is also particularly important to understand the difference between perfect
and near perfect work, since in Section E 1, the impossibility of extracting perfect work arises from evaluating the allowed
values of Wy under the @ = 0 constraint. We show that by allowing ¢ > 0, W > 0 is allowed once again. Recall

Do(pllg) = lima—o Da(pllg) = >;.p, 20 ¢- Thus from Eq. (E12)

Do(pwllmw) — Do(pwllmw) > nDo(73,|73,) — nDo(73,|I75,) = 0. (ES9)

where the last equality follows from the fact that thermal states have full rank. This inequality is satisfied for any value of
Wext, since whenever € > 0, py, is a full rank state, and Dy (piy||7w) = 0. Furthermore, Do(p$||7w) > 0 because all Rényi
divergences are non-negative. Therefore, taking into account Eqgs. (E57) and (E59), for quasi-static heat engines which extract
near perfect work, we only need to solve

We = inf W,,, (E60)
a>0

where W, is given by Eq. (E57).
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d. The choice of € determines the infimum to evaluating Wex

In this section, we will show that the infimum over all « > 0 in Eq. (E60) can be simplified to taking the infimum over o > k
instead, where the parameter < determines how quickly € goes to 0 w.r.t. the parameter g. We define « in Lemma 11 and show
its existence, for any function of £(g) such that lim,_, 4+ €(g) = 0.

Lemma 11. For every continuous function €(g) > 0 satisfying lim,_,o+ €(g) = 0, 35 € R>g s.1.

e ( 0 ifk >R
§(k)=lim — = !s>0 ifn=r (E61)
g—0t g . _
o0 ifk <Rk
=" (9)

where k = +o0 is allowed (that is to say, lim,_,o+ diverges for every k) and o = 400 is also allowed.

g

Proof. The main idea in this proof is to divide the non-negative real line into an infinite sequence of intervals in an iterative
process. We specify the ends of these intervals by constructing a sequence {x;}5°,, and evaluating 0 at these points. We then
prove that according to our construction, there are only two possibilities:

1) k; forms a convergent sequence, where the limit lim,,_, o, kK, = R, or

2) the ends of these intervals extend to infinity. In this case, K = co. The way to construct this interval is as follows: in the
first round, pick some x; > 0. The corresponding interval is [0, x1]. Evaluate §(k1). If (k1) = oo, then proceed to look at the
interval [k1, 31]. Otherwise if §(k1) < oo, choose k2 = 5 and evaluate 6(k2). Depending on whether &(r2) goes to infinity,
we pick one of the intervals [0, k2] or [K2, K1].

A general expression of choosing «,, can be written: during the nth round, define the sets 87(10)’ 87(100) such that

89 = {r,|1 < i < nand §(x,;) = 0}
S = {rill <i < nandd(r;) = oo}.

Note that if we find 0(k;) = ¢ # 0 for some finite constant ¢, then our job is finished, i.e. & = k; (We prove this later).
Subsequently, define for n > 1,

K,ELO) = min k and /15100) = max kK.
keSS KESL)

If either sets are empty, we use the convention that the corresponding minimization/maximization equals 0. Once these quantities
are defined, we can choose the next interval by evaluating

0
[ — |

(00)
+ 2

Rn+1 = Ky,

(E62)

In the n-th round, the corresponding interval is [mgfo), Knt1)-

Let us now analyze why we can use this scheme to find . Firstly, consider the case where §(x;) whenever evaluated, produces
(o0) (0)

infinity. This means that in each round, k' = &, increases with n (by the iterative scheme), and s, = 0 always stays at zero.
Note that this scheme has been constructed in a way such that lim,,_,, x,, = co. Indeed, for all n, by using Eq. (E62),
3 3 2 3 n
Rn+4+1 = iﬁln = <2) Rp—1 ="' = <2> K1, (E63)

which tends to infinity as n goes to infinity, whenever x; > 0. Later we will prove a property of the function ¢, which combined
with this scenario means that 6 (k) = oo for every x > 0. Therefore, & = .

Next, suppose that there exist an n-th round, such that §(x,) = oo and 0(kp41) < 00, as illustrated in Fig 6. Note that the
function §(x) has a peculiar property, i.e. we know that if §(x,,) = oo, then for any £ < K,

5(k) = Tim " (g) ) _ 4o, (E64)
g0t e —r g
—too S—~—

— 0
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3(x)
8,=00
for all k <x,
d(K)=00
Opey< 00
Oy <?
3 for all x > K4,
ol L d=0 .
Kn Knt

FIG. 6. Illustration of the scenario where 0(k,) = 00 and §(kn+1) < 00.

On the other hand, if 6(,,+1) = 0, then we know that for any £ > Kk,41,

Eﬁn+1

d(k) = lim " fnti(g) 7@)
g0 o — g

—0 ‘/—’0
N

=0. (E65)

Moreover, if § (Iij) = ¢ # 0 for some positive, finite c, then following the same arguments, one can easily see that for all k < x;,
d(k) = oo and for k > k;, §(k) = 0. In this case we find that & = x,. These observations are illustrated in Figure 6 for clarity.

One can now evaluate k., 1o (which is the midpoint of x,, and k,,+1) and its corresponding value of §(x,,+2). From this point
on, in each iteration we either find & exactly (whenever the function § when evaluated produces a finite, non-zero number),
or the length of the next interval gets halved, and goes to zero in the limit of n — oo. This, by Eq. (E62), also implies that

lim,, o0 n%oo) = lim,, 0o H%O)_ We also know the following:

1) forall k < nﬁf’O),é(ﬁ) = 00,
2) forall k > &, d(k) =0.
Therefore, we see that 5 exists and £ = lim,,_, /@5100 ) — lim,, oo m%o). By this we conclude the proof. ]

To provide some intuition about how k< compares the rate of convergence ¢, g — 0, let us look at the following examples:
1) Consider €1 (g) = exp(—1/g). Then & = 0 with o = oo.
2) Consider e5(g) = glng. Then & = 1 with 0 = co.
3) Consider £3(g) = ¢ - g*/* for k > 0. Then & = k with o = c.

In the next lemma, we consider the scenario of near perfect work, given in Def. 2, and show that this imposes a finite range of
values & should take. Given a particular <, we also show that the minimization of Eq. (E60) changes with <.

Lemma 12. Given any (g) € (0, 1] as a continuous function of g, where g > 0. If limg_,o+ £(g) = 0 and lim,_, o+ ‘%—S‘ =0,
then the following holds:

1. The quantity & (defined in Lemma 11) can only have any value in k € [0,1], where lim,_,o+ 81,# = 0 has to hold if
k=1

2. The extractable work can be written as

. naB,
Wew =g+ | inf = + f(9)| (E66)

where limg_,o+ f(g) = 0 and inf > can be exchanged for inf .~ if & = 0.

Proof. Firstly, let us use Eq. (E57) to simplify our expression for Weyx: Wey = info >0 We, where

gWe +O(g?) + O(2) + O(ge®) + O(e2)  ifa € (0,1) U (1,00)

- E67
g1 + 0(2g) + O(2 Ine) + O(c?) + 0(g?) ifa =1, (E67)

ﬂhWa = {
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and
~ 1 e &“
Wy = (omBa +a-— > ) (E68)
a—1 g g
and fora =1
- B.
W, = (lim an ) + 5 Sme). (E69)
a—1 o —1 g g

From now on, the order terms in Eq. (E67) can be neglected, since it can be checked that all of them are of higher order compared
to the terms we grouped in W, in the limit of vanishing g. Even then, we note that due to the complicated form of Wey,, it is

not straightforward to begin our proof with the assumption limg_, ¢+ % =0.

Instead, we begin by noting that given a function £(g) that satisfies the conditions of the above lemma, then one can invoke
Lemma 11, and therefore there exists a & € R>q such that Eq. (E61) holds. We then, for all possible x € Rx>¢, evaluate all W,
to take the infimum and obtain Wey. Given Wey,, we then evaluate the quantity lim,_, o+ @,—Sl =

The value of k determines how the limits of quantities like %, % behave. Therefore, we need to split the analysis into three
different regimes: & € [0,1), k =1, & € (1, 00).
1)For & € [0,1)

For this case, we know the following limits:
A limg_,o+ 3 =0.
B. For a < &, limg_,o+

C. For a = R, limg_,o+

Q ‘ XY ‘“‘Qm ‘"‘9
|
q
Vv
(@]

D. For o > &, limg_>0+

E. Note that 3 k; > & such that 1 — ky > 0. Thus limg_, o+ glns = limg_,o+ % el=Flne =0
Therefore, by using Eq. (E68) and (E69) (for o = 1 separately) we have

too if a €[0,R)
anBa+0+@(5) ifa=r
a—1 g
anB,, e . _
W a—1+@(g) if a € (R, 1) (E70)
B
an a+@(€) if a € (1,00)
a—1 g

lim 2Be | (Elng) if =1,
: g

where the expression in Eq.(E70) has been written as a leading order term, plus higher order terms that vanish in the limit
g— 0.

Therefore, we conclude that for & € [0,1) and any o > 0, due to continuity in « of "‘;ﬂa ,
BuWax = inf W = g- | inf 252 4 6 (f(g)) (E71)
h ext—g;o a=4g olzg;?;a—l g y

where f satisfies lim,_,o+ f(g) = 0 in the expression of Eq. (E70), Both functions vanish as g tends to zero. Note that if & = 0,
then inf, >% can be exchanged for inf, % since in Eq. (E60) the point o = 0 was already excluded.

We can now calculate lim,_, o+ V%i for k € [0,1) and any o > 0:

—clne—(1—¢)In(1 — 1 1 O(e?
lim == = lim ene—(1-g)lll=¢) _ : | - _ex0E) | (E72)
ot e om0t (infazk a;igla)g 90% infa>z a—1 -9 . 9 ,

—0 (Item E) —0 (Item A)
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where we have assumed that

. . anB,
inf
a>k o — 1

> 0. (E73)

As we will see later (see Eq. (E89)), Eq. (E73) holds if & > 0. However,

anBa _ (E74)
a—1

if @« = 0 and we need to use Eq. (E70) for the case « € (R, 1) for & = 0. From which we conclude that

BnWex = inf Wo > /2 = 0(f(9)), (ET5)

thus we have

—elne—(1—¢)In(1 —¢) ) )
=1 e 2 pe — £1/2y — . E76
g—0t Wexe — gﬁgﬂ 61/2/9 gg(r)grg( € ne—e ) ( )

thus from Egs. (E74), (E75), and (E76), we conclude that Eq. Egs. (E71) and (E72) are still valid when & = 0. To summarize, so
far we have proven that whenever % € [0, 1), Eq. (E66) holds for some f(g) which vanishes as g tends to zero, and furthermore
limg_, o+ V%—S[ =0.
2) For % € (1,00)

In this regime, like the previous analysis, we can list out the following limits:

A limg_, o+ 3 =0.
B. By definition of &, for a < 1, lim,_, o+ % = 0.

C. limg_,o+ elne — o since both £ and In e goes to infinity as g — 0.

Therefore, by using Eq. (E68) and (E69) (for o = 1 separately) we have

="+ 06(e)+06(9)] ifac|0,1)

[—elne+0O(e) +6(g9)] ifa=1 (E77)
. ﬁ[ae—k@(so‘)—k@(g)] if a € (1,00).

W =

Q= Q= Q|~

Note that for all of these expressions in Eq. (E77), Wa — 00. Next we want to calculate Wey,, which is the infimum of Wi,
taken over all « > 0. Note that in the limit of vanishing g, € also goes to zero. Therefore in Eq. (E77), the equation of W, which
vanishes most quickly in the limit g — 0 happens when « € (1, 00). Therefore, we conclude that for z € (1, 00) and any o > 0,

51 Werr = inf Wo =g |inf 2% 1.0 (f(a))| =< +3-0(£(0) (E78)

We can now calculate lim_, o+ % for % € (1,00) and any o > 0:

AS —elne—(1—¢)ln(l —¢ elne e+ O(e?
lim — = lim ( ) In( ) = lim — _Ef (%) = +00. (E79)
g—0+ g—0t 5 g—0+ £ £
—_—— ———
—00 —1

From this, we note that the whole regime of & € (1, 00) does not contain any cases corresponding to our condition of interest:

; AS _
limg 0+ 7= = 0 never holds.

3)Fork =1

Similar to the first two cases, we again list out the relevant limits:
A limg_, o+ % = o for some o > 0.

% = 0.

C.For a > 1, limg_,o+ % =0.

B. For o < 1, limg_,+
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Therefore, by using Eq. (E68) and (E69) (for o = 1 separately) we have

L [+ 0(e) + 0(9)] if «€[0,1)
W, = E80
n lim OéBo‘—ElnEanim aBa fa=1&& =0 (E80)
a=s1a—1 g a=l o —
L [omBa tao—© (7)] if @ € (1,00).

Note that for & € [0, 1) and the case & = 1 && o > 0, Wa tends to infinity, while for the other cases Wa is finite.

Therefore, we can conclude that for & = 1,

e =g+ | (106 5 (0B +0)) 0.1 Es1)

a>l o —
where f(g) = % vanishes as g tends to zero.

Now, we evaluate the limit lim,_,+ % for kK =1and any o > 0:

_ (1 _ _ 2
limﬁzlim elne—(1—¢)In(l —¢) — lim 51nz—:76+9(5)'

(E82)
g0t W g0t (infa21 L(OmFa—FozU)) g 9=t g c-g

a—1
—0

glne __ 0
g .

This limit of interest can be zero if and only if lim,_, o+

We have calculated the limits lim,_,o+ AS/Wey to leading order in g for all functions £(g) > 0 satistying lim,_,q+ € = 0.
These are found in Eqgs. (E72), (E79), and (E82). We have found that lim_; o+ AS/Wex = 0 occurs only in two cases:
i)k €[0,1), and
i) £ =1 and limg_,o+
The amount of work, Wy is found in Eq. (E71) and (E81) respectively. Indeed, they take the form of Eq. (E66), for different
functions f(g). With this, we conclude the proof of the lemma. O

elne _ 0

e. Solving the infimum for Wey

aB,
a—1

corresponds to the largest order term in Wy w.r.t. small g (quasi-static heat

aB,
a—1

We have seen in Lemma 12 that the function

over a € [, 00| appearing in Eq. (E66). Such an infimum is is not

d aBq
da a—1
aB,

nice properties. Roughly speaking, we show that this derivative does not have many roots, which in turn means that $2¢ does
not have many turning points. We have used this to prove in Lemma 14 that the infimum is either obtained at « = k or o — 0.

engine). Our next objective is to find the infimum of
has some

easy to evaluate, but whenever the cold bath consists of multiple identical qubits, we show that the derivative

@b

The derivative of =<

w.r.t. o is given by

d aB B B/ aB B/ B, B!
el L o a > o -1 =-=2| =" g ES83
doaa—1 a—1+aa—1 (a —1)2 (a—1)2 ala ) B!, (a—1)2 (), (E83)
where
B,
Gla) =ala—1)— B (E84)

Now, we shall evaluate the quantities By, B/,, and %% for the case of qubits (see Assumption (A.5)), where the energy



38

levels are {0, E'}. By using Eq. (E18), we evaluate the quantity B,, defined by Eq. (E27) to obtain a simple expression:

e~ BE e—BcBe” 1 )FnE
Ba=E- 157 ~F g aome (E85)
1 eBnE
=L 1+ eBE E- cOPLE | ¢(Bntafo)E (E86)
afnE B E
__E L ¢ (14 eP?) (ES7)
1+ eBeE eBPrE 4 e(BhtaBe)E
E (BrtaBe)E _ o(BetaBn)E
- ¢ ¢ . (E88)

1 -+ eBcE ’ ethE —+ e(B}L+(XBC)E

We note that Eq. (E88) is zero only if a = 1, and thus for @ # 1, aB,/(a — 1) # 0. From Eq. (E56), we know that
limg—1 @By /(. — 1) > 0, thus due to continuity,

B,
a ->0 Ya>o. (E89)

We also derive the first derivative of B, w.r.t. « for the special case of qubits:

B E2(3, —
B! = dd a _ (Be = Bn) - . eBrntaBetabn)E (E90)
o l:eaﬁhE + e(Bh"FO‘BC)E]

Note that since 8. > [}, by definition, therefore whenever E > 0, then B/, > 0 always holds. By further algebraic manipulation,
we compute the first derivative of the function

d B,  coshlw(Be, Bn, a)E]
da B. cosh(B.E/2) D

where w(fe, Bn, @) = (Bc — Br)a + Bn — %

We have written Eq. (E83) in this form, since for the special case of qubits, namely Eq. (E90), B/, > 0 is always true.
Therefore, looking at the function G(«) whether it is positive or negative) will tell us whether Zf‘; (and therefore W) is
increasing or decreasing in a particular interval.

In Lemma 13, we identify the conditions on the energy spacing E such that several different properties of G (/) hold.

Lemma 13. Consider G(a) = a(a — 1) — B« where B,,, B., is defined in Eq. (E88) and (E90). Then the following holds:
1)If E(B. — Br) tanh(B.E/2) > 2,

0<7<lst. Gla)<0 Vae(r,1)U(l,o0) (E92)
2) IfE(/Bc - ﬁh) tanh(,BcE/Q) <2,

Ja > 1s.t. G(a) >0 Vae (0,1)U(l,q)
G(a) <0 Vae€ (a,00). (E93)

3) I BB, — By) tanh(8,E/2) = 2,
G(a) >0 Vae(0,1)
G(a) <0 Vae (1,00). (E94)

Proof. First we note that since B; = 0, therefore G(1) = 0. Let us also compute the derivative of G(«) w.r.t. a:

cosh ((—=B:/2 + Br + (Be — Br)a)E) .

Glla) =201~ cosh(B.E/2)

(E95)

Before we continue, there are several properties of the function G’ («) which we shall make use of. Firstly, note that G’(1) = 0,
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in other words, G’ has a root at a = 1. Also, G’(c0) = —oo for any value of E > 0, 8, > 0, 3. > B, '. Also, since 2a — 1

is linear (and hence both convex and concave), while the — cosh function is strictly concave 2 therefore the function G’ (@) is
2

strictly concave. This implies that the second derivative G" (o) = d di(f‘) is strictly decreasing w.r.t. o.

The properties of G’(«) indicate that we can fully analyze the function by considering 3 different cases:
1. G’ has two roots at & = {a, 1}, wherewhere g € (—o0, 1). This corresponds to the case G"(1) < 0.
2. G’ has two roots at & = {1,a}, where @ € (1, c0). This corresponds to the case G”(1) > 0.

3. G’ has a single root at &« = 1. This corresponds to the case G”(1) = 0.

4 4 4

2f 1 of ---G(@) | of ()

o @0 ~(1.0) . (1,0 ———(30) 0 — (1,0)
-2 -2 \ -2t
_4 - 6@ N 4 G(a)
-6 G'(a) -6f 1 -6¢
-8 () -8l -8

. -10
-10——3 0 2 4 g 10— 0 2 4 6 -2 0 2 4 6
a a a
FIG.7. G"(1) < 0. FIG. 8. G"(1) > 0. FIG.9. G (1) = 0.

FIG. 10. A convex function G’ («) and its corresponding G («), for different values of G’ (a).

We shall now consider these cases one by one. Suppose that

G'(1)=G"(a)] =2—(B.— Bp)Etanh <5E> <0, (E96)

a=1 2

then G”(«) < 0 for all & € (1, 00). Note that Eq. (E96) corresponds to the first condition in the lemma stated above.
This information about the second derivative G”(«) now allows us to conclude the following about G/(«):

1. If forall &« € (1,00), G () < 0, then we know that G'(«) < 0 holds for all & € (1, 00) too. Furthermore, this implies
that G(«) is monotonically decreasing in the interval (1, co) and therefore, G(«) < 0 for all &« € (1, 00).

2. G”(1) < 0 also implies that there exists an interval (7, 1) such that G’(1) > 0 (See Fig. 7). And since G(1) = 0, this
implies that within the interval (7, 1), G(a) < 0.

With this, we prove the first statement of the lemma.

Let us now analyze the second case, where G’'(1) > 0. This implies that G’ («) > 0 at least for some interval « € (1,a), then
G’ () changes sign exactly once at & = @, and goes to —oo. (Refer to Fig. 8). Also, recall that in the limit of « — oo, G also
goes to —oo. Therefore, we conclude that there exists some @ such that

>0 a€(l,@)
(o) { <0 a€ (@ ) (E97)
With this, we prove the second statement of the lemma.
Finally, we look at the case where G”(1) = 0, and make the following observations:

1. Since the function G’ («v) is concave, and since G” (1) = 0 implies that & = 1 is an extremum point for the function G’ (),
we know that it must also be the global maximum. Therefore, we know that for any « # 1,G’(a) < 0.

! This is due to the fact that 2c increases linearly w.r.t. o, while the cosh term increases exponentially.

of strict conc
2 To be more precise; due to the concavity of f(z) = —a cosh(b + xc) for a > 0. This follows from the strict concavity of the cosh function, the invariancy
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2. Since for the interval & € (—00,1),G’'(«) < 0 and we know that G(1) = 0, therefore we can deduce that for any
a € (—oo,1), G(a) > 0.

3. Since for the interval @ € (1,00),G'(a) < 0 and we know that G(1) = 0, therefore we can deduce that for any
a € (1,00), G(a) < 0.

With this, we prove the final statement of the lemma, and complete our proof. O

To summarize, in Lemma 13 we have identified conditions involving the energy gap of H., and the temperatures Sy, Oe.
Depending on whether these conditions are satisfied, we can describe the positivity/negativity of G(«) for different regimes of
a. Comparing these different scenarios, we prove in Lemma 14 that for a quasi-static heat engine, the minimum of inf, >z %
is obtained only either at &« = K or o = o0.

Lemma 14. There exists some 0 < v < 1 such thatV k satisfying v < k < 1, the following infimum is obtained at one of two
points

Ba . . Ba . Ba . BOL
inf Ll = mf{hm a , lim a } < lim & T VB € (k,00), (E98)

a>k o — a—Kk o — a—o00 (f — a—f o —

where B,, is defined in Eq. (E88). Furthermore, if E(8. — 1) tanh(B.E/2) < 2, then we can set v = 0.
Proof. 1. If

d aB, |>0Vae(0,1)U(l,@) forsomea > 1
= o (E99)
doa—1|<0Vae (@ x).
thenV x € (0,1),
B, Bo . B, ) B
inf 2 — inf{ lim 2 , lim e < lim 2 VB e (k,00). (E100)
a>k v — 1 asrka—1" asoa—1 a—B o —
Recall from Eq. (E83) that
d aB, B’
@ °__G(a), (E101)

@oz—lz(ozfl)2

where B/, > 0, and we have derived some properties of G(«) in Lemma 13. In this proof, we apply Lemma 13 directly to
consider the three scenarios detailed in Lemma 13.
First, consider the first statement of Lemma 13. If E(8. — 03) tanh(8.E/2) > 2,then 30 < ¢ < 1 s.t.

d aB,

doa o —

<0Vae(t1)U(l,o0) (E102)

aby
a—1

then by continuity of

in o, we conclude that V k satisfying t < k < 1

a—K o — a—o00 (o — a—p o —

Ba . . Ba . Ba . BOL
@ 1:mf{hm a , lim a 1}<11m a 1 VB € (k,00). (E103)

Next, consider the second and third statements of Lemma 13 jointly, where E(8. — ;) tanh(8.E/2) < 2. Note that both
statements proved in Lemma 13 (namely, Eq. (E93) and (E94)) can be rewritten as the fact that there exists @ > 1 s.t.

d aB, f ;1 1, «
d « >0 orae(g YU (l,@) (E104)
doa—1|<0 forae (@ 00).
In fact, the third statement is simply a special case of the second, where @ = 1. If Eq. (E104) holds, then V x € (0, 1),
.. aBy . aB, . aB, . aB,
égfna— 1 mf{olllg}{a_l,ahﬁnioa_ 1} < i;rr}ja_ T VB € (k,00). (E105)

By setting 7 = 0, we see that the statement of Lemma 14 is achieved.
Therefore, since we have analyzed all three cases stated in Lemma 13, we conclude that there always exists v € [0,1) such
that Eq. (E98) will always be satisfied V « € (v, 1).
O
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[ Main results: evaluating the efficiency

In this section, we derive the efficiency of quasi-static heat engines in the nano /quantum regime. We first need to define the
quantity

Ei(ﬂc - Bh)

Q=
i€{l,..,n} 1+ e Bebi’

(E106)

where recall that E; is the energy gap of the cold bath qubits, as described in Eq (E18) and the sentence right after it. Recall that
n denotes the number of qubits in the cold bath, where n € Z™ is any positive integer. Before stating the maximum efficiency,
we will derive the efficiency as a function of k defined in Lemma 11 (recall that this parameter is determined by the choice of
¢). For simplicity, we will still consider the special case where E; = FE for all 7 in Lemma 15, (i.e. all qubits of the cold bath are
identical). Lemma 15 shows us that under the condition of extracting near perfect work, one can choose ¢ (and therefore k) such
that a certain maximum efficiency value is achieved. The closer  is to unity, the slower lim,_,,+ AS/W converges to zero, and
also the closer the efficiency is to the Carnot efficiency.

Using this lemma, we prove the achievability of the Carnot efficiency which depends on 2. This is the main result of our
work, which is stated in Theorem 2.

Lemma 15 (Quasi-static efficiencies as a function of 5). For any n € Z™* number of qubits, consider quasi-static heat engines
(Def. 3) as a function of k. (defined in Lemma 11) which extract near perfect work (Def. 2). For any & € (0,00)\{1}, define

(k) = B (E107)

where B is defined in Eq. (E88), while (1) and v(00) are defined by taking the limits k — 1, 00 respectively.
If Q) <1 (see Eq. (E106)):

1) There exists v € [0, 1) such that for any & € (v,1] (and lim,_,o+ (¢lne)/g = 0 if &k = 1), the maximum efficiency is

O W) 4659 + O(g) + O(0), (E108)

5(: - Bh ’V(R)

where (1) > (&) with equality iff kR = 1 and limy_,o4 f(g) = 0.

n~H(R) =1+

2) The corresponding amount of work extracted is

Wen(R) = 92— [v(F) + © (f(9))] - (E109)

n
98,
IfQ>1:

1) There exists v' € [0,1) such that for any & € (V',1] (and lim,_, o+ (cIn€)/g = 0 if K = 1), the maximum efficiency is

O 4 o (f(g) + O(9) + O(e), (E110)

Be — B 7(00)

n Y R) =1+

where y(1) < ~v(00).

2) The corresponding amount of work extracted is

Wex(R) = g=-[7(00) + O (f(9))] (E11D)

n
B
Proof. Firstly, let us begin by deriving the explicit form for v(1) and ~y(o0):

E2(Be — Bn) .1
(+ermp®

Y(1) = lim — (E112)

By = lim B, + aB/, =
a—1

where we have made use of the L’Hdspital rule. For o« — oo, since

E eBrE _ oBeEp—a(Be—Bn)E E
lim B, = lim = ,
a—00 a—oo 1 + eﬁcE eﬁh,E + e—a(ﬁc—ﬁh,)E 1+ eBcE
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therefore we have

+(00) = lim (1 +

a—1

> - By, _E (E113)

a—1 T 14 BB

By Lemma 14, we know that the infimum of y(«) for o € [%, 00) and i € (v, 1] is either at & = & or o« — oo. Therefore, if we
take the ratio of Eqs. (E112) and (E113) to be

(1) BlBe—B)
Y] - TierE —OSL (E114)

then y(o0) > (1) > (%), therefore the infimum of () for @ € [k, 00) and & € (v, 1] has to be obtained at & = . Taking

this into account and using the condition which is equivalent to that of near perfect work in Eq. (A11), we can use Lemma 14,
to calculate the amount of work extracted:

. . n _ n _
Wext = é%fo Wo =g~ |inf EW(H) +0(f(9)] = 95, [v(R) + O (f(9))], (E115)

where limg_,04 f(g) = 0. On the other hand, we can calculate AC, which is the change of average energy in the cold bath
system, (recall this is done by Taylor expansion around g = 0)

ny(1)

AC =n((E%)5 —(E)3)g+0 (s = 5. _ 5" +0(g%). (E116)
Using Eq. (C15), we have AW = (1 — &)W The (inverse) efficiency, according to the definition (C1), is thus
o AC ny(1)/(Be — Br)g + O (¢%)
Lr)y =1 =1 — El117
T T T Y e m e ) 1
—1+ 2 W e (s(g)) + 0(9) + 000, (E118)

(Be = Br) v(R)

where we have used lim,_,o+ f(g) = 0 which is proven in Lemma 12. We will now investigate the efficiency when 2 > 1 is
satisfied. Using {2 > 1 and Eq. (E114), we have that «y(co) < ~(1). Thus from Lemma 14, due to continuity in & of v(k) we
conclude that there exists a v’ € [0, 1) such that for any % € (v/, 1],

inf v(a) = v(c0). (E119)

a>k

Therefore, since we are considering near perfect work, Eq. (A11) holds and we can use Lemma 12 to calculate the amount of
work extracted

_ — o it s S Pn
Wow = inf W =g+ | nf 29(0) + £(0)| =0 |2(00) + 2 110). (€120)
where limg_,q4 f (9) = 0. Thus using the definition of inverse efficiency (Eq. (C1)), together with Eq. (E116), we have
1, AC ny(1)/(Be — Br)g + © (92)
YNR)=1+ —e=1+ - (E121)
TR = n7(0)9/n + © (97(9))
Brn (1)
=1+ ——=——+06(f(g9)) +06(9) +6(e), (E122)
(Be — B 7(oe) OV + 09 +6()
where we have used lim,_,o+ f(g) = 0 which is proven in Lemma 12. O

We will now use Lemma 15 to conclude our main result of this letter.

Lemma 16. Consider the case of near perfect work (Def. (2)) and all cold bath qubits are identical (i.e. E; = FE fori =
1,...,n), then:
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1) If Q <1 (see Eq. (E106)) the optimal achievable efficiency nmax (see Eq. (C4)) is the Carnot efficiency:

B B \ !
s = (14 5= (E123)

What is more, this efficiency is only achieved for quasi-static heat engines, i.e. Nmax = 52 (see Eq. (C8)).

2) If Q > 1 and the heat engine is quasi-static, then the optimal achievable efficiency is (see Eq. (C8))

. <1+ Bn Q)l. (E124)
- Be — B

3) If Q > 1 the maximum achievable efficiency nmax (see Eq. (C4)), is strictly less that the Carnot efficiency.

Proof. In Lemma 5, we found that the Carnot Efficiency is an upper bound for the efficiency when we are extracting near perfect
work. We also found that Eq. (A11) is satisfied iff we are extracting near perfect work. In Lemma 15, we derived the optimal
achievable efficiency for quasi-static heat engines as a function of < when Eq. (A11) is satisfied. By choosing £ < 1 arbitrarily
close to one, if ) < 1 is satisfied, we will thus achieve an efficiency arbitrarily close to the Carnot efficiency. Thus since the
upper bound is equal to the lower bound, we prove part 1) of the Theorem. Part 2) of the Theorem follows from setting = = 1 in
Lemma 5 when €2 > 1 is satisfied. O

By making use of Lemma 15, one can generalize Lemma 16 to consider the more general case stated in A5 (at the begging of
section E 2 ¢) where the cold bath still consists of qubits, however the energy gaps of the qubits can be arbitrary. For convenience,

we re-write the general cold bath Hamiltonian here: for a set of variables £; > 0,--- , E,, > 0,
Heoa =Y 180V @ Ak @ 1900 where AF = E;|E)(E], (E125)
k=1

Under the more general form of the cold bath Eq. (E125), we have the following theorem.

Theorem 2. [Quantum/Nano heat engine efficiency] Consider the case of near perfect work (Def. (2)), when the cold bath
consists of multiple qubits with energy gaps {E;}7_;.

1) If Q <1 (see Eq. (E106)) the optimal achievable efficiency nmax (see Eq. (C4)) is the Carnot efficiency:

_ Bn !
s = (14 52 5 (E126)

What is more, this efficiency is only achieved for quasi-static heat engines, i.e. Tmax = 52 (see Eq. (C8)).

2) If Q > 1 and the heat engine is quasi-static, then the optimal achievable efficiency is (see Eq. (C8))

stat __ Bh -t
Mmax = | 1+ 3 —ﬂhQ : (E127)

3) If Q > 1 the maximum achievable efficiency Nma.x (see Eq. (C4)), is strictly less that the Carnot efficiency.

4) Allowing for correlations between the final state of the battery and cold bath cannot improve the efficiencies achieved in

1), 2) and 3) above.

Proof. 1) is relatively simple to prove: as long as there exists a qubit with energy F; such that % < 1, one way to

achieve Carnot efficiency is to simply disregard the rest of the cold bath, and act only on such qubits. The result is a simple
application of 1) in Lemma 16. This strategy might not be optimal in terms of work extracted, but it is sufficient for our proof.
For 2) and 3), suppose that 2 > 1. Since € is a monotonic function of F, we conclude that for all E; where 1 < i < n,

Q; = % > 1. By Lemma 15, we see that this implies that the work extractable for all the individual qubits (which is
an optimization problem over all & > 0) is obtained at & — oo. In general, considering the qubits collectively does not mean
that the collective Wy, is additive. This is because the minima of two functions is not necessarily the minima of these individual
functions added together, as illustrated in the L.h.s. and middle diagrams of Figure. 11. However, (as illustrated on r.h.s. diagram
of Figure. 11), when all the functions have their minima at the same value, then the collective minima is also obtained at that

value.
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FIG. 11. Tllustration of the minima of two individual functions f(z), g(z) and minima of f(z) + g(z).

Next, we show that no matter which subset of qubits S one picks, Carnot efficiency cannot be achieved. We begin by
introducing the notation +; (), where 7;(«) is defined similarly with (/) in Eq. (E107) and (E88), and the index ¢ indicates
that F is substituted by E; in Eq. (E88). Furthermore, recall that from Eq. (E114), ©; > 1 is equivalent to ;(1) > 7;(c0). Now,
consider any subset of qubit indices S, the amount of extractable work (as a function of g) is

Wa = % [Z ~i(00) + f(g) (E128)

i€S

where limg_,o4 f(g) = 0.
On the other hand, we have that AC depends on the individual reduced qubit states, since there are no interaction terms in
Hcgig. Therefore, similar to Eq. (E116),

ACS = LSy + 0 (g). (E129)
BC - ﬂh ics
Following the same proof in Eq. (E121) Lemma 15,
1o AC Brn  Diesi(1)
1 i€S
n (k)=1+ —e=1+ +0O(g) +0O(e). (E130)
( ) Wexl ﬁc - ﬁh EiES ’Yi(oo) ( ) ( )

As we have observed before, the inverse of the Carnot efficiency 7751 =1+ Bcﬁ_hﬂh . Furthermore, notice that by Eq. (E114), the

condition €; > 1 implies that v;(1) > ~;(00). Since §2; > 1 is true for all 1 < ¢ < n, therefore % > 1.

i€ v

Lastly, part 4) is proven in Section F. O

Suppose n is large. Then since we have a spectrum which looks like a quasi-continuum: the full range of the spectrum is very
large, compared to the individual energy gaps. One expects that in such a case, baths are of high temperature (small values of
B), then the effects of quantization should give us the classical observations of being able to achieve Carnot always. This can be

seen, that for By, = {rlnin }EZ-, if the quantities B Fmin, Br Fmin < 1, then
ie{l,n
Emin(ﬁc - ﬁh)
O=—-——— < FEninlBe — 1. E131
1_|_ B_BcEmi“ = (B ﬂh) < ( )

Whenever € < 1, we know that Carnot efficiency is achievable.

3. Running the heat engine for many cycles quasi-statically

We have so far proven that a heat engine can achieve the Carnot efficiency when €2 < 1. However, as like with macroscopic
heat engines, this can only be achieved when the heat engine runs quasi-statically. Macroscopic heat engines can then extract a
finite amount of work by running the heat engine over many cycles (in fact, over any infinite number of cycles if they want to
obtain the Carnot efficiency in order to run quasi-statically). The following lemma, shows that when €2 < 1, a nano-scale heat
engine with a machine that runs over infinitely many cycles can also achieve the Carnot efficiency, while extracting any finite
amount of work W with vanishing entropy increase in the battery.
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FIG. 12. Depiction (top view) of a heat engine comprising of a hot bath, < st |
a cold bath consisting of n identical qubits, a machine and a battery. In _cycle B
each cycle, the machine interacts specifically with one qubit from the ( i
cold bath, together with the hot bat and battery. After the end of one

cycle, the machine is returned to its original state, and acts on a different

qubit in the cold bath. FIG. 13. Side view of the heat engine. After each cycle of
the machine, the battery, depicted here as a weight moves
upward by a small amount. After N machine cycles, it

has been lifted from its original position ’E‘J> to a final

state that has most of its weight on ‘Ek>

For simplicity, we will work with the case in which the quasi-continuum battery has a part of its spectrum equal to that of at
least N qubits, each with an energy gap W.,;. We work within this subspace. We will run a heat engine between a hot bath, cold
bath using a machine which performs NN cyclic cycles. Let E; and Ej, be the smallest and largest energy eigenvalues within this
subspace respectively. We let the initial state of the battery be

P = [E;XE;, (E132)
Hw|E;) = E;|E;) while we wish the final state of the battery to be of the form
ph = Tl EWErl + (1= 1) i, E133)

where Hw|Ey) = Ei|EL), py is some orthogonal state to |Ej) and the value of the probability r is to be specified in the
following lemma. We will define the amount of work extracted from the machine for IV cycles

Weye := Ey — Ej. (E134)

For simplicity, we will consider the case that the cold bath consists of n identical qubits with {2 < 1, and during each cycle the
machine interacts with one qubit from the cold bath. The running of the heat engine is depicted in Fig. 12 and 13.

Corollary 2. [Many quasi-static heat engine cycles] Let W be the finite amount of work we wish to extract. Then for all W > 0
and § > 0 there exists an n identical qubit cold bath (with Q < 1) and an N € NT number of machine cycles with n > N such
that:

1) ne >n>n.—0, wherethe efficiency 1 is the efficiency per cycle and is defined by Eq. (C1), and n. = 1 — 81,/ 8. is
the Carnot efficiency,

2) Weye > W =4,

3) S(pY) =0, S(pyy) < 6, and
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4)r>1-26.
whats more, 6 — 0 as N — +oo.
Proof. Since in the qubit subspace, the spectrum is that of at least N qubits, we can write the initial state in the form
P = IENE;PY, (E135)

with Hy |Ej>®N =E; |Ej>®N. We can now apply the heat engine results of Lemma 15 to the setup. Namely, we can apply
the results of one cycle to each of the qubit subspaces of the battery in parallel. From Lemma 15 we conclude that this can
be achieved with an efficiency given by Eq. (E108) and extract an amount of work per qubit/cycle given by Eq. (E109). For
simplicity, we will run the heat engine using one qubit of the cold bath at a time. The final state of the battery is thus

pwv = [(1 = &) |Ee)Ex| + e |E;) B, |°Y . (E136)
Noting that |E, X Er| = | E,XEx|®"Y by definition, Eq. (E136) can be written as
piv = (L= )N E)Erl + [1 = (1= 2)"] py. (E137)
with p,, orthogonal to |]_:7k> From Eq. (E134) it follows,

Ng

chc = NWexl = E [’Y(R) + S} (f(g))} ) (E138)
where in the last line we have used Eq. (E109). We now set
w
N:N(g):ﬁ—}f— (E139)
v(F) g

for all g > 0 satisfying the constraint N(g) € NT. For any positive constant B W

v(R)
%I)/ > g > 0 so that N(g) is large. This constraint imposes g = 3, W/(v(%) N), where N has to be an integer. Therefore,

g now belongs to a subset of the positive real line, rather than the positive real line itself as previously. However, since g
monotonically decreases to zero as N increases to infinity, we can still take the limit g — 0™ as before. Thus achieving

> (, one can always consider the values of

chc =W+0 (f(g)) . (E140)

Since limy_,o+ f(g) = 0, we conclude part 2) of Corollary 2. For the entropy of the final state of the battery we have

BrW (1 —€)In(l —¢) +elne elne
V() g _@< )

S(pyy) = NS ((1—¢) |Ex)Ex| + ¢ |E;XE;|) = (E141)

As stated above the efficiency is given by Eq. (E108), and thus we can always choose & € (0,1), and g (recall ¢ — 0% as
g — 07) such that 1) in Corollary 2 is satisfied. Furthermore, recall from the proof of Lemma 12 that

1
lim, £mE . (E142)
g—0 g

for all & € (0, 1). Thus, from Eq. (E141) we conclude that 3) in Corollary 2. We will now prove part 4) of the Corollary. From
Eq. (E137) and part 4) of the Corollary, we can identify 7 = (1 — £)~. We thus study the limit

e/g\ PrW/(R)

= | lim [(1—¢)/" =1, (E143)
N——

g—0+

BrW/~ (%)
lim (1—-¢) = ( lim (1 —5)1/9>
g—0+ g—0t
— e

where going to the last line, we have used that fact that Eq. (E142) implies that /g — 0 as g — 0. We thus conclude part 4)
of the corollary. O

Thus by choosing § > 0 sufficiently small in Corollary 2, we can extract any finite amount of work with an arbitrarily small
entropy contribution with an efficiency arbitrarily close to the Carnot efficiency as long as 2 < 1.
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F. Extensions to the setup

Arguably, one may think that the inability to always achieve the Carnot efficiency in the nano regime is due to some subtlety
of our setup (even though we have shown that according to the standard free energy one can always achieve the Carnot efficiency
with our setup). For such reasons, in the next few sections we show that even under more general conditions than those laid out
in Section A, one still cannot achieve the Carnot efficiency when 2 > 1.

In Section F 1, we show that allowing for correlations between the final state of the battery and cold bath (and/or the finite
dimensional machine) does not allow us to achieve the Carnot efficiency. The main result is Theorem 3.

In Section F 2, we show that allowing for the battery to be any state with trace distance € from | E, )( Ey|y, cannot allow us to
achieve the Carnot efficiency when €2 > 1. This shows that whenever we are unable to achieve the Carnot efficiency, it is not a
artificial defect from an overly specified battery model. The main result is Theorem 4.

1. Final correlations between battery, cold bath, and machine

In Section E 2 a, we stated that the final state of the heat engine after tracing out the hot bath was of the form

THot (PColatonw) = Plold @ Py @ Py (F1)

where py, = | E;)(Ejlw + (1 — €)| E;)(Ex|w, i.e. the final state of the charged battery was a tensor product with the cold bath.
We also demanded that the heat engine is cyclic i.e. that p3; = p{;. In this section, we show that if one allows for the final state
of the battery, cold bath and machine to become correlated’, one still cannot achieve the Carnot efficiency when £ > 1. That is
to say, in this section we allow the final state to be

ot (PColdHotMw) = PloldMw (F2)

with only two natural constrains, namely that our heat engine actually extracts work, i.e. that
pw = lEj)(Ejlw + (1 — )| Ex) (Elw, (F3)
as before, and also that the heat engine is still cyclic, i.e.

Pr = Phr- (F4)

Throughout this section, (unless stated otherwise) we will write pé qyw tO refer to any generic tripartite quantum state on the
cold bath, machine and battery satisfying Eqs. (F3) and (F4).

e In Section F I a, we first define the generalized efficiency where one is allowed to consider correlated final states. We
see that although this may potentially affect the amount of extractable work Wy, the amount of heat change in the bath
remains the same, by making use of energy conservation and the fact that the global Hamiltonian Hcggpomw does not
contain interaction terms between subsystems.

e In Section F 1 b, we make use of the generalized second law when o = 1 (which is also the macroscopic second law), in
order to show that final correlations still do not allow the surpassing of Carnot efficiency. This can be proven by noting
that the von Neumann entropy is subadditive, and the result is summarized in Lemma 19. A proof sketch can be found in
the beginning of Section F 1 b.

e In Section F 1 ¢, we turn to the case where €2 > 1, where without final correlations it is shown in Theorem 2 that Carnot
efficiency cannot be achieved.

a. Defining the generalized efficiency

Recall that before (see Section C 2), we have shown in Eq. (C17) that if the following assumptions hold:

(i) the final reduced state of the battery pi is fixed by Eq. (A6),

3 Recall that the final state of the cold bath, machine and battery are already allowed to become correlated with the hot bath
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(i1) the state of the machine is preserved,
(iii) the final state is of tensor product form, i.e. ptoavw = Peod @ P © Piys

Fhen the efficiency for a particular t?ans.forn.lation pgoldH9tMW — péolqutMW si.mpliﬁes to bf:ing only an explicit function of pg,
instead of the global final state. This simplified expression of the efficiency in Eq. (C17) is then used to evaluate, for example,
7™ (plya) in Eq. (C5). Since we now drop Assumption (iii) for the final state being uncorrelated, the efficiency and the work
extracted Wey will now depend on the tripartite final state pg g instead.

Therefore, let us first write a generalized expression for the maximum efficiency corresponding to a transition p2qonw —
Peoranonw Via the unitary operator U () in this generalised setting:

1™ (peotamw) = SUP 1N (peotas Wext) 8-t thot[U () peotaromtw U (£) 7] = peoranw (F5)
[U(t), H] =0, (F6)
pw = €| E;){Ejlw + (1 — €)| Ex)(Ek|w, (F7)
Pr = Phr- (F8)

See Fig (1) in main text for a definition of the other quantities appearing in Eq. (F5). Recall that the definition of 7 is given by
1N = Wext/AH as in Eq. (C1). In Section C 2 we showed that this can be simplified to

n=(1—-ec+AC/We) ", (F9)

where AC = AC(pt1q)- This equation holds under Assumption (i) and (ii), together with the fact that the global Hamiltonian
does not contain interaction terms between both baths, battery, and machine. Since the derivation of Eq. (F9) does not require
Assumption (iii), it still holds for a general tripartite final state pg v~ However, dropping Assumption (iii) may potentially
allow for larger values of Wy, and therefore subsequently might affect 9. For this reason we write 79 = 79 (pt_ vw) O
remind ourselves that it is a function of the entire final state p&. -

We have written 7 = 7(p¢oas Wext) to exphcltly show the Wey dependency of . Although not written explicitly in Eq. (F5),

we should remember that U (t), p{;, Hyop and Hy are arbitrary, other than satisfying condition (A.4) in Section A. As such, by
maximizing 1 over Wy, these quantities will accommodate their optimal values to maximize 79™( pCo]dMW) . Throughout this
section, we analyze Eq. (F5) only in the case of near perfect work (Def. (2)) since the proof that perfect work is not possible
(see Lemma 8) also applies to Eq. (F5)°.

For the purpose of our proofs, we need to define a new family of intermediate efficiencies. They provide the maximum
possible efficiency, when considering only a particular instance o > 0 of the generalized second laws. For any « € [0, 00), let
us denote

18 (Peotavw) = SUPN(PGoas Wext) -t Fo(7801a @ Pt ® Py Toranw) = Fa (P otamw Toramw): (F10)
tr(He porarionaw) = T He peorgtionw ) (F11)
pw = el Ej) (Bjlw + (1 — €)| B ) (Ex|w, (F12)
Pr = P (F13)

See Eq. (B8) for definition of F,,. We denote ni = hm nd™. The condition Eq. (F11), is always satisfied when all the second

laws are satisfied. We add the condition as a constralnt here since we will need it in order to write the efficiency 7 in the form
of Eq. (F9).

b.  Final correlations do not allow the surpassing of Carnot efficiency

In this section, we first show that Carnot efficiency cannot be surpassed even when we allow arbitrary final correlations in the
final state plyqvw- This can be done in the following steps:

4 This is an advantage, since it rules out cases such as when the Hamiltonian does not support a thermal state (e.g. when the corresponding thermal state’s

will always h

partition function diverges). In this section we consider any cold bath Hamiltonian Hcolq that satisfies (A.6) in Section A (i.e. finite dimensional). As such it s For the sake
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1. Using the definitions of generalized efficiency (allowing correlations) in Eq. (F5) and generalized intermediate efficiencies
in Eq. (F10), we prove an inequality between 79 (pé qvw) @nd 78" (0&oiavw)» for all @ > 0. This is done in Lemma 17.
From this, we also conclude that 79 (pdavw) < 71 (Ploamw

2. On the other hand, we show that for any final state of the cold bath, machine and battery pt nw- the generalized inter-
mediate efficiency for o = 1 only increases, if we consider the tensor product of the marginals pé gy~ In other words,
M (Poaw) < M7 (Peoa © P © py)- One can intuitively see why this is true: it comes from the fact that the von
Neumann entropy is subadditive, therefore the final state p¢,y ® piy ® pyy contains more entropy than pg gy Therefore
according to the & = 1 second law, one can potentially draw more work by going to the state pl,,q @ piy ® py; instead of
a correlated state pdyavw-

3. Since the argument for 77" (péoy @ piv @ pay) is of tensor product form, Assumption (iii) holds as before, and therefore the
efficiency only depends on the final state of the cold bath p(,,. This means that Eq. (F10) for o = 1 reduces to Eq. (C5).
Lastly, by using Lemma 22, this allows us to further show in Lemma 19 that even by allowing correlations in pé,jgyws the
efficiency 9™ (pgoamw) can never surpass the Carnot value.

Firstly, let us fix the following notation: for an R-partite state pa, a,...a . define the uncorrelated counterpart

PArAgAR = ®pA (F14)

Comparing pa,A,..Ax and pa,a,..a,, one will see that each subsystem has the same reduced state, but the global state is
different. Another useful thing is to note that if one is given a Hamiltonian which does not contain any interaction terms between
each subsystem, i.e.

Hang. an :Z]lAl @+ Hp, - Lay,, (F15)
then we may conclude that
R
tr(HA1A2---ARpA1A2---AR) = Ztr(HAipAi) = Ztr(HAi&) = tr(HA1A2~-ARM)' (F16)

i=1
Lemma 17. For all o > 0 and all states péoldHole,

1™ (Péotamw) < 12 (Polamw ) (F17)

where 9™ and n&" are defined in Eqs. (F5) and (F10) respectively.

Proof. For every a > 0, BEq. Fo (73,4 @ P @ P Teamw) = Fa(Peoiamws Teoamw) it Eq. (F10) is a necessary condition
for the transformation p2 . vw — Ploiamw t© occur under an energy preserving unitary with the aid of a catalyst [5]. Energy
preserving unitaries also preserve the average energy and thus the Eq. tr( H;p2 amonw) = 0(H: Peoamonaw) it EQ. (F10) is also
a necessary condition. If a unitary U (¢) satisfies the conditions in Eq. (F5), then by the second laws it satisfies Eq. (F10) for any
particular @ > 0. As a consequence of these observations, the set of allowed unitaries U (t) in Eq. (F5) is a subset of allowed
unitaries facilitating the catalytic thermal operation which transforms p2 v w t0 Aoamw in Eq. (F10). O

Lemma 18. For any final state pygnw» consider the quantity n7" (péoanw) defined in Eq. (F10). Consider the optimization
problem

a(pGoramw) = SUP N(PEgias Wext) 8-t F1 (18010 @ p @ % Teoamw) = F1(Ploramw Teoramw)» (F18)
tr(Heploasonaw) = T(HpEotaronw ) (F19)

pw = el Ej)(Ejlw + (1 — €)| B ) (Exlw, (F20)

PM = Pt (F21)

Then, 1™ (pEoanw) = A(PEoramw)-
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Proof. We begin by noting that the free energy F can be written as

- 1
Fi(p, ") = w(Hp) - 5,50 (F22)
where (H), := tr[Hp], and S(p) = —tr(pIn p) is the von Neumann entropy, while 7 is the thermal state at inverse temperature

By, for the Hamiltonian H. Also, let us recall that W, = E,\CV — E;V > (0 where E;V is a constant.

Next, we consider the free energies F1 (73,4 @ p% @ 0% Tamw) and Fi (p&giavw s Teoanw) Tespectively, and how they relate
t0 Wex.. First of all, note that the quantity Fi (73,4 @ piy ® ply» Teoramw) is simply a constant that does not depend on Wey. This
is because

Fi (1810 ® P ® s TgoldMW) = F1 (78 Tgold) + Fy (), 7'1\}}1) + Fi (1, T\]xl/) (F23)
= F1 (7810 Toia) + F1(mp, 7p) + tr(Hwpl) — By, 'S (%) (F24)
= F1 (780 Toa) + F1(myp, mp) + EYY, (F25)

where the first two terms do not depend on the battery Hamiltonian at all, while in the last equality we have made use of the fact
that p, = |E; )} E;ly- On the other hand,

F 1(p(1101dMWa T(}:loldMW) = tr(HColdeP(ljolde) - B s (péolde) (F26)
= tr(Hcopega) + tt(Hwpy) + tr(Hwpwy) — B ' S(peoamw) (F27)
= tr(HcolaPioyg) + tr(Hypy) — B;IS(péoldMW) + 5E}V +(1—-e)EY. (F28)

Note that again, tr(fic()]dpéold) and tr(fIMp]{,[) do not depend on the battery Hamiltonian and therefore do not depend on EZV
Similarly, S(p¢oamw) depends only on the eigenvalues of the state, and is independent of E)Y. Since ¢ € [0,1), we may
conclude the following: F(pgoanws Teoamw ) iS @ continuous function that strictly increases w.r.t. E), and therefore it also

strictly increases w.r.t. Wex.

To prove this lemma, it suffices to show that the supremum over Wy in Eq. (F10) for « = 1 has to be achieved when
Fi(184 @ 0% @ 0%, 7liamw) = Fi(Peoamws Teoamw ) We prove this by contradiction. Suppose that Wex achieves the
supremum for 7{™, and for this value of Wey, F1(7,4 @ 0% @ % Teiavw) > F1(0Egiamws Tebavw ). Since we know that
F(pEanmws Teanw) strictly increases w.r.t. Wiy, there must exist an W/, > Wey such that Fy (70,4 @ p% @ 0% Tiavw) >
F1(pEoramws Teoamw )+ Furthermore, since by Eq. (F9) we know that the efficiency is monotonically increasing w.r.t. Wey, as
well, it follows that W/, achieves a higher value of efficiency compared to Wex while satisfying the required constraints at the

X
same time. This is a contradiction, and therefore we conclude that the optimization for 7] can be simplified to a(p )

where the constraint on F} holds with equality.

Lemma 19. For any final state ptyggonw- and any Hamiltonian of the form in Eq. (A1), then for perfect or near perfect work
extraction (see Defs. 1 and 2), we have

o @ ® @ By
%™ (Peoamw) < 11 (Ploamw) < ni (P(ltolde) = e (péold> < 1-= (F29)

with equality in (2) iff ploaw = Peoavw- The quantities i and n™* are defined in Eq. (F10) and Eq. (C5) respectively.

Proof. Note that inequality (1) is a direct consequence of Lemma 17, while inequality (4) holds because of Lemma 6. It remains
to prove inequalities (2) and (3).
Proof of inequality (2): Using the definition in Eq. (F10) together with Lemma 18, let us compare the quantities

U?m(Péolde) = sup n(péolda Wex) st F 1(Tgold ® pl(\J/I ® PSVa TgoldMW) =F (péoldev Tgolde)a (F30)
tr(He plowarionw) = T(HtpEoamonaw) (F31)
pw = e|E;)(Ejlw + (1 — &) Ex) (Exw, (F32)

Py = P (F33)
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and
1™ (PEoiauw) = SUPN(PGoias Wext) St FL(C01a @ Pt ® pys Toramw) = F1(Potantw s Teoramw) (F34)
tr(Hepotarionaw) = (Ht peorationaw ) (F35)
pw = €l Ej)(Ejlw + (1 — &) | Ex) (Bxlw, (F36)
Py = Pur- (F37)

We first make the following observations:

e By our definition of p vw» We have that pl.y = poq- Therefore, the term AC in Eq. (F9) which is only a function
of the reduced state on the cold bath is the same for both efficiencies in Eq. (F30) and Eq. (F34). Therefore, to compare
the efficiencies, we need only to compare the value of Wy, that satisfies the free energy constraint in both optimization
problems.

e In [30] (pg. 395) it has been proven that the von Neumann entropy is subadditive
S(paB) < S (paB), (F38)

with equality iff pop = pap. Furthermore, since ﬁCOIdMW does not contain interaction terms, as we have demonstrated
earlier in Eq. (F16),

tr(Heotamw Peoiamw) = (HColaMw Ploanw ) - (F39)

Thus, by Eq. (F22) we conclude that
F1(poamw) < F1(PCoiamw)» (F40)

. . . 1 _ 1
with equality iff peoamw = Potamw-

e For any final state péyqvw Where pyy = €|E;)(Ejlw + (1 — €)|Ex) (Ex|w, we have seen in the proof of Lemma 18 that
Fi(peoramws Teoamw) 1S @ continuous function that strictly increases with Wey,.

With these three observations we can now prove inequality (2). Note that when p auw = Peoamw- €quality holds trivially.

Therefore, let us consider the case where pdyavw 7 Peoavw- SUpPose Wey achieves the supremum in 77" (&g qvw)» and for

such a value of Wy,

0 0 0 _h 1 K 1 h
F1(7Co1a @ pm @ pws Teolamw) = F1(Pcolamws TCotamw) > F1(PCotamw s TCotamw )+ (F41)

We note also that since Fi (p&oanmw s Teoanw) Strictly increases with Wiy, and therefore there exists some W/ > Wey such that

Fi(1804 @ p\ @ pWs Teamw) = F1 (0L giavw s Teoravw )- Therefore, W, is a feasible solution for Eq. (F34), i.e. it satisfies the
constraints in the optimization problem. In conclusion, we have

—1 -1
1" (Potamw) = [1 —&+ %C’} < {1 —&+ I?//C] <™ (PCotamw) - (F42)
ext ext
Proof of equality (3): Consider the quantity 1" (p¢yavw)- Since the state p&vw takes on a product structure form between
all the subsystems now, Assumption (iii) in the beginning of Section F 1 a holds again. By Eqns. (F32) and (F33), we know that
Assumptions (i) and (ii) also hold. Therefore, we know that under these assumptions the efficiency does not depend anymore on
the global state ply - but only pt 4. Again comparing the conditions of 7™ (pl ) and 71" (pLyanw)s We see that they are
exactly the same quantity. o O

Therefore, Lemma 19 tells us that correlations between the final states of the cold bath, machine and battery cannot allow you
to achieve an efficiency greater than the Carnot efficiency.
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c. Achievability of Carnot efficiency still depends on more than temperature

Earlier in Section F 1 b, we proved in Lemma 19 that Carnot efficiency gives an upper bound to the efficiency of any arbitrary
final state p{qvw- In this section, we want to prove that when > 1 holds, one cannot achieve the Carnot efficiency even when
allowing correlations between the final states of the battery and the cold bath. This can be done in the following steps:

e According to Lemma 19, Carnot efficiency can be attained only when all the inequalities in Eq. (F29) are satisfied with
equalities. We use this to prove in Lemma 20 that in order to achieve the Carnot efficiency, we may only consider the limit
where correlations in the final state vanish. Not only so, the magnitude of these correlations also have to vanish quickly
enough in order for Carnot efficiency to be achieved. In particular, we define a parameter k£ which quantifies the amount of
correlations, and show that k has to vanish faster than the quasi-static parameter g, in order to achieve the Carnot efficiency

Ne.

e Next, in Lemma 21, we show that if the parameter k& vanishes faster than the quasi-static parameter g, then whenever
Q0 > 1, one can derive an upper bound for the intermediate efficiency 7 (p¢oanw) Which considers the amount of work
extractable by invoking only the generalized second law of &« — oo. Combining Lemma 20 and Lemma 21, we conclude
in Corollary 3 that when Q > 1, 9™ < nd! < 5 is strictly upper bounded away from the Carnot efficiency.

Before we begin, let us note that by definition, the initial state p@, is diagonal in its energy eigenbasis. Furthermore, the

state p2, v i Of the form p2 ; @ Y @ p%. Since w.l.o.g. we can assume that Hy is proportional to the identity (or called the
trivial Hamiltonian, see [5]), py; can always be written as a diagonal state in an energy eigenbasis of its Hamiltonian. Therefore

the state p(ojnldMW is always diagonal in the energy eigenbasis of the Hamiltonian ﬁcolde = HCold + H, M+ fIW. Since catalytic

thermal operations cannot create coherences [5], péolde has to be also diagonal in the energy eigenbasis of ﬁc@lde.
We observe that any péyqvw can always be written as

PColamw = (1 = k%) ploramw + K~ Puiamw» (F43)

where k* = min{k € [0, 1]|p{yamw = (1 — k) péoamw + ¥Q, @ > 0}. This means that pl g\ can be written as a convex

combination of two states: one being péyavw- and the other p&i, o containing all other correlations. Note that such a k* always
exists, in particular, k = 1 is always a feasible solution.
We now define a particular parametrization of the final states,

corr Nno corr

PEotanw (ks Plotiviws Pomamw) = (1 — k) ptoiiviw + kpSmamws k€ [0, k%] (F44)

where the following holds:

@ peoramw = P(ljoldMWa (F45)
(i) pChlamw F PColdMw > (F46)
i) py = (1= k)Rt " + koii™ = pur- (F47)

Since in our heat engine, the initial state has no coherences, it suffices to consider p¢ yw Which is diagonal in the energy
eigenbasis. This implies that pfary, = plyamw 18 also diagonal in the energy eigenbasis, and therefore the same holds for

Peniamw due to Eq. (F44). All correlations between the individual systems of cold bath, machine and battery are contained only

in p iw- Therefore, péyavw (' + -) parametrizes every possible quantum state on Hcoamw Which is diagonal in the global

energy eigenbasis and that returns the machine locally to its initial state after one cycle of the heat engine. In Eq. (F47), pi; is
the final state of the machine, since the heat engine is cyclic, recall from Section A that we require py; = py;.

Lemma 20. For every family of states pyanw (ks PRty pemt i) parametrized by k, (see Eqs. (F44)-(F47)), if the quantum
efficiency ni™ defined in Eq. (F10) achieves the Carnot efficiency

" (Ploamw) =1 — B, (F48)

then the following conditions are satisfied:

1) The state ptyanw is the final state of a quasi-static heat engine (see Def. 3)

Potanw = T(9) ® pu(g) © pyy  with g — 07 (F49)
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2) The correlations must vanish sufficiently quickly. That is to say, the parameter k in Eq. (F44) vanishes more quickly
compared to g, i.e.

lim ~ = 0. (F50)

Proof. Firstly, suppose that Carnot efficiency is achieved, i.e. 79" (p{yamw) = 1 — %h Then according to Lemma 19, all

inequalities in Eq. (F29) should be satisfied with equality, in particular inequality (4). We have established in Lemma 6 that this
equality is only achieved in the quasi-static limit, i.e. p{,q = Tcola(g) where g — 0. This implies Condition 1) in the statement
of the lemma.

The proof for Condition 2) consists of calculating Wey for = 1 in Eq. (F10) to leading order in g and k. This Wy quantity
can be later used to evaluate 7{". We will show that we can write the expression for 7{" into two terms: one term describes the
efficiency when there are no final correlations, and the other term is a strictly negative contribution which must vanish in order
to achieve the Carnot efficiency. This latter constraint will give us Eq. (F50).

Let us denote W/, as the value of battery energy gap Wex, = E)Y — E;V that solves the equation

h h
F1 (78010 ® pm(9) © Y, Teoiamw) = F1(pEoranw (B> DEatinaw > Putanaw )> Teolamw )’ (F51)

while Wm as the value that solves the case where £ = 0, i.e.

F1 (18014 ® pi(9) ® 0%, Toiamw) = F1(0Eafiniws Tolamw)- (F52)

Since PSSt = ploavw = P @ P4 (9) @ psy contains no correlations, Wey, was given by Eq. (D51). According to Lemma 18,

we know that W/, and W,y are the values of Wiy, which solve sup 7% (p&ganiw> Wext) and sup 73™ (p&oanew Wext) respectively.

ext Wext

Solving Eq. (F52) for W, with the aid of Eq. (F22), we find

e/xt = Wext — X, (F53)
where Wey is the solution to Eq. (F52) when k = 0, given by Eq. (D51), while

11
X._ﬁhl—&‘

Let us first note some properties of y, which we will later use:

Nno Corr corr

[S(pSiamw) — S (p(ljoldMW(ka Puaviw s Peiavw)) ] - (F54)

e Since S(-) is subadditive, due to the parametrization of ptqvw (+, -+ -) in Eq. (F44), we have
x>0 (F55)

with equality iff poavw = Peoanw i-€- iff & = 0. Therefore, we may conclude that % > 1.

ext

e We have that

Ak X(k ) Pg%ﬁiolxr/fw Pcc%rlrde) =0 (F56)
k=ko
if and only if
péoldMW(k()v PColdMw > PColamw) = Lcolamw /IV. (F57)

Egs. (F56) and (F57) are direct consequences of the observations:
corr

1) Entropy is strictly concave, i.e. S (p(ljoldMW(k? PColaMW pCC‘z)ffde)) is strictly concave in k € [0,1]. Therefore, by
Eq. (F57) x is strictly convex in k& € [0,1]. When the first derivative of the convex function % = 0, this must be the
global minimum [? ].

2) However, we know that the entropy is uniquely maximized (and therefore  is uniquely minimized) for the maximally
mixed state.

6 We denote pg; (g) because for different values of g, we are allowed to choose different initial machine states, as long as p; (9) = p{;(9).
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Returning to evaluate the efficiency, we may use Eq. (F9) to calculate the inverse efficiency,

Ac(péold)

[n‘fm(péolde)]’l =l—-e+ W (F58)
ext
AC(P(lj 1 ) Wext
=1—¢g+———cd (F59)
ext We/Xt
A 1
> e g AC0Ca) (F60)
ext
The last term in Eq. (F59) is non-negative because we know the terms AC (p¢.q), Wy and W/, are all non-negative.
With Condition 1), we now know that
AC(péo) Bn
l—e+ —"=1-"—F, (Fo1)
Wext 60

in the quasi-static limit, and therefore a necessary condition to achieve the Carnot efficiency is that lim,_,q %}‘ = 1 also in the

ext

, A~

quasi-static limit. Using the relation W, =

Wext + X, we have the requirement that

o X A (0) ) _ (762
g—0t Wext(p[(lj(c))lc(ﬁ\rllrw(g))

First, let us observe that Wext( peiw (9)) = Wex(Be—g) given by Eq. (D37). The leading order term of Wy (8. —g) = ©(g)
as g — 0T. Therefore, in order to satisfy Eq. (F62), we must firstly have lim,_,o x = 0. From Egs. (F44), (F54), this implies
that we need k — 0 for all p Viw -

Since the numerator and denominator of Eq. (F62) both go to zero, by L’Hospital rule, to evaluate the limit we need to take
the derivative of both terms w.r.t. g. Therefore, we expand x to first order in k£ and g. From Eq. (F54) it follows

Nno corr COIT d Nno Corr COIT
x(k, pCOIdMW(g ), pColdMW) :%X (K, pColdMW(0)7 pColdMW) k
k=0
d il T T
+ dng((l peiw (9), oomamw) | 9 + o(gk) + o(k?) + o(g?) (F63)
9=0

=Xk peoiaw (0), ptanw) | K+ o(gk) + o(k?) + o(g?). (F64)

k=0

COIT

The term dig X(0, p& W (9), Peinvw) = 0 since when k£ = 0, x will be constant for all g. Next, we note that since Egs.

9=0

(F55) holds, it must be that & x (k, pfosat (0), pETnw) > 0. Furthermore, from Eq. (F56), we have that

k=0

no Corr

d
ik X (K, pCoraviw (0), PColamw)

£0, (F65)
k=0

for all p¢oT \ w since by definition poanw (0, PR (0), T w) 7 Leolavmw /IN. We can infer that pé gy 1S not maximally

mixed from a few observations, for example: this is true because we have required that the reduced state on the battery is not
maximally mixed since we consider near perfect work extraction.

Thus, taking into account Wex (8. — g) = ©(g), Eq. (F62) implies Eq. (F50). O

By now, we have established a constraint on how quickly the correlations have to vanish w.r.t. g, for the possibility of achieving
Carnot efficiency. In the next Lemma 21, we will show that the constraints given by Eq. (F50) can be used to derive an upper
bound for nd.
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Lemma 21. If Egs. (F49) and (F50) are satisfied, then the quantity nd can be upper bounded by

nee (P(ljolde (k,pCotanmw (9) s PColamw)) (F66)
B ()17

< |1 —_— © Ok © C) F67

<1575 | T OU@) + 6k + 60 + O, (F67)

with limg_,o+ f(g) = 0.

Proof. The main idea of our proof is as follows: we show that if Eqns. (F49) and (F50) hold, then we can upper bound Wy
while considering only the F,, condition. This bound differs from the value given when no correlations are present by only a
small amount. Substituting this into the expression for niy, we obtain Eq. (F67).

Let us begin by analyzing the difference in eigenvalues of the states pl v and peoavw- Recall that

PEotanw (ks Plativiws Pomamw) = (1 — k) pioiiviw + koSuamw (F68)

where plo St peor \rw are both diagonal in the energy eigenbasis. Since plyqw 1S @ mixture of two energy-diagonal states, it

is also diagonal. Let us denote its eigenvalues as [p¢oqvw]i-

As for pavw» Eqn. (F49) gives the explicit form of the state,

Ploiauw = Peala @ Py ® Py = T(9) @ pri(9) @ piy.- (F69)
Let us denote its eigenvalues as [p&,qvwli-

We first observe two properties involving trace distance d(-, -):

(P.i) Consider two states o1, 02 diagonal in the same eigenbasis. Then if p = (1 — k)o1 + koo for some k € [0, 1], then one
can conclude that the distance

d(p,o1) < k. (F70)

(P.ii) For any two states p, o diagonal in the same basis, with eigenvalues p;, g;, if their trace distance
1
d(p70'):§Hp_U||1 <eg, (F71)

then this implies that their eigenvalues cannot differ by more than ¢, i.e. Vi, |p; — ¢;| < . By using this fact, we may first
calculate the trace distance between p¢vw and péoavw- then bound the difference of their eigenvalues.

We find that
A(Peotamw s Plotanw) < A(PEotavw Peotimiw) + A(Paiviw s Peolavw) (F72)
< k4 (P, Poa) + doht s o) + AR T, o) (F73)
< 4k, (F74)

The first inequality is a triangle inequality that holds for all states. The second inequality holds because of (P.i), and because trace
distance is subadditive under tensor product (note that both pf ¢t and plavw are tensor product states). The third inequality

holds because we know d(pgavw» Peoiany) < k and that trace distance decreases under partial trace. By (P.ii), Eq. (F74) tells

us that V7,

[DCotamwli = [PEoiamw]i + o(k). (F75)
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With Eq.(F75), we may relate the F,, quantities for the states pgvw and péoavw- From Eq. (B8), we have

Foo (0&oiavw (ks p&atinaw (9); 6&anw ) s Teoramw ) (F76)
1 .
— Inmax {[”C‘HW} , (F77)
k3 Ti
1
0 ,
= Inmax {[CmdMW]Z} + o(k), (F78)
(2 Ti
= Fuo (7(9) © pi(9) © piys eoramw) + 0(K), (F79)

where we used Eq. (B8) in the last line.
The next step is to evaluate the restriction on Wey that satisfies

Foo(18o1a © Pt ® Py Totanw) = Foo (péoldMW(k s PColaMw (9) 5 PColamw ) TgoldMW) (F30)

= Fo (7(9) @ pu(9) ® iy, Teoiamw) + o(k), (F81)

for Wex, up to order o(k). Taking into account the additivity of F», under tensor product, we can rearrange Eq. (F81) to provide
an upper bound on Weyt,

Weg < % [(00) + O(£(9)) + o(k/g)] (F82)

where lim+ f(g) =0, y(o0) is given by Eq. (E113). The bound in (F82) is achievable since the F,, conditions imposed by Eq.
g—0

(F80) are achievable with equality.
Lastly, by using the expression for efficiency in Eqs. (F9), and substituting Wy from Eq. (F82) (with equality for the
maximum possible Wey,) followed by AC from Eq. (E116), we have

-1
sup 7)(pcoias Wext) = Sup (1 —€&+ AC) (F83)
Wext >0 Wex >0 Wext
= 1+LL1) _l+®(f( ))+o(k/g) + O(g) + O(e) (F84)
T = B A(o0) I 9o '

Hence using Egs. (F10), (F84) we find Eq. (F67). Note that in Eq (F67) we have an inequality, this is due to the fact that in
the optimisation problem Eq. (F10), there is an additional constraint (namely mean energy conservation) which is not taken into
account in the derivation of Eq. (F84). O

Finally, the above lemmas allow us to conclude that allowing further correlations in the final state cannot allow us to achieve
the Carnot efficiency when 2 > 1.

Theorem 3. [Correlations do not improve efficiency] Suppose that Q) > 1. Parametrizing the final state of the heat engine by
Eq. (FA4)-(F47), the quantum efficiency n%™ defined in Eq. (F5) is strictly upper bounded by the Carnot efficiency,

Br
sup n" (péoldMW(k , Plotaviws Petanw)) < 1— 2F. (F85)
ke(0,1], phocor ﬁc

ColdMW
Proof. From Lemma 17, we have that both 79™ < 5™ and n9™ < 73" hold. Thus a necessary condition to achieve the Carnot
efficiency for a particular pg - iS that both 7] and nad' are equal to or greater than the Carnot efficiency.
Lemma 20 proves that Egs. (F49) and (F50) are necessary conditions for n{" to achieve the Carnot efficiency. However, when
Egs. (F49), (F50) are satisfied, then Lemma 21 provides an upper bound on the efficiency nds in Eq. (F67).
Now, suppose €2 > 1. Since it is shown in Eq. (E114) that v(1)/v(c0) = €, plugging this into the leading term appearing in
Eq. (F67)

-1
|+ Brn (1) ’ (F86)

(Be = Bn) ~(o0)

we have that the quantity 3 (and therefore also 79™) is strictly less than the Carnot efficiency 1 — /35, /Be. ]
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2. A more general final battery state

For the simplicity of our analysis, we have assumed that the battery is left in the specific final state described in Eq. (A5S), i.e.
an amount of work Wey = Ej — Ej is extracted, except with failure probability € that the battery remains in the initial state
|Ej)XEj|y- In this section, we show that this is a simplification which can be removed in general, i.e. the final battery state is
allowed to be any state within the e-ball of |Ej)(Ey|y. In particular, our result that the Carnot Efficiency cannot be achieved
when ) > 1 still holds.

In Lemma 22, we show that for any final state of the cold bath p{ 4, allowing a more general final battery state does not affect
the amount of work bounded by the F,, condition. We then use this to prove in Theorem 4 that when 2 > 1, Carnot cannot be
achieved even if we allow a more general battery final state.

Lemma 22. For any given p 4, p&ogs With pYy = |E;XEj |y, consider the maximum W, := Ey, — E; such that p¢q,q @ pyy —
Peod @ puy is allowed by the non-increasing Fo, condition (Eq. (B7)) i.e.

DOO(pgoldHTg:ld) + Doo(P?VHTvﬁvh) > Do (pC()ldHTCOId) Doo(ﬁ\lVHTvﬁvh), (F87)
with
pw = (1 =€) |Ep, X Bk, [y + € |E; XEj |y - (F88)

On the other hand, consider any battery final state
Py = (1 =€) |Bt, X By lyy + 203, (F89)

where P is an energy-diagonal state orthogonal 1o | Ey, ) Ej, | which may depend on ¢, i.e. pank — > Di |Ei)(Eily with
P, = 0and Y, p; = 1. Define W2 := Ey, — E; such that pd,q ® pYy — péoa @ Py is allowed by the non-increasing Fo
condition, i.e.

Do (p2ouall7Ehia) + Do (0% 176") = Do (pEotal| éia) + Doo (0 lI7")- (F90)
Then forall0 < e < é = [1 + eﬁh(me*Ej)] _1, we have WL = W2,

Proof. Firstly, note that any energy-diagonal state p3, with trace distance d(p%;, | Ex, X Ek,|y) = € can be written in the form of
Eq. (F89). Rearranging the terms in Eq. (F87),

Do (pilITa") < Doc (PR lIT") + Doo (ploiallTétsa) — Doo(peorallmena) =t A. (F91)
One can use the definition of D, in Eq. (B12) to expand the L.H.S. of Eq. (F91), obtaining
log max{(1 — g)e’nPr1 eefrFi} < A —log Z\éf”. (F92)

We know that since near perfect work is extracted, € is arbitrarily small. This implies that for £ small enough, max{(1 —
) Br By geﬂhE]} f( _ ) BrBy

Similarly, one can evaluate Eq. (F87) to obtain
log max{ (1 — &)e®*Frz2 {ep;efrFiY, 1 1 < A—log Zg,h’. (F93)

Note that the maximization in Eq. (F93) only picks out the maximum value. In particular, denoting I, to be the largest energy
eigenvalue of the battery, then whenever

(1 _ E)eﬁh,EkQ > Eeﬁh,Emax7 (F94)

or equivalently

—1
e < [1 e (F95)

then max{(1 — e)e®"Pr2 {ep;e®Fi}, 1 1 = (1 — £)e® Fr2 . In other words, as long as ¢ is upper bounded by Eq. (F95), we
know which terms attains the maximization in Eq. (F92). However, we also want an upper bound that is independent of any
limit involving the final state p&,,w We Wish to take, or any amount of work extracted (and therefore, we want the bound to be
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independent of E,). As such, let us construct the following upper bound € < € where,
—1 —1
gi= inf |14 (P >} = [1 + eﬂh@max*Eﬂ] (F96)
k
w2 2>0

Now, we see that Ey, and I}, correspond to the solutions for Eq. (F92) and Eq. (F93), which for ¢ < £ reduce to exactly the
same equation. Therefore, ), = Ej, and hence W1 = W2. O

We will use Lemma 22 to prove Theorem 4. But before we proceed, let us fix some notation: we define the efficiency as a
function of a > 0 :

02 (PEola) = . sug >077(Péold) subject 0 Fo(pYy @ o1as Toraw) = Fa 0 ® ploias Toraw): (F97)
kyg— i

and  tr(Hypoamoniw) = C(H: PG amoniw)- (F98)

with J = 1,2 denoting the final battery state p3,. We also define an « independent efficiency:

0’ (Pega) =  sup M(ptga)  Subject to (F99)
EkJ—Ej>0

Fo (% @781a> Toraw) = Fa(p¥ ® péoias Toraw) Yo > 0. (F100)

For any o > 0, and any state péogs 72 (Peoa) = 17 (pégq) holds.
We already know that when €2 > 1, for any final cold bath state p(,, the efficiency n'(pl,q) is strictly less than the Carnot
efficiency. Theorem 4 shows that this is also true for n?(pl,,4), i-€. when allowing a more general battery final state.

Theorem 4. [General battery states do not improve efficiency] Consider a heat engine with a cold bath consisting of n qubits,
and consider the case where Q0 > 1 (recall the definition of X in Eq. (E106)). Then for any final cold bath state p{,, the
efficiency n? (péold) is strictly less than the Carnot efficiency.

Proof. Firstly, suppose that {2 > 1. By Lemma 15 we know that the infimum is obtained at & = oo, and by Lemma 16 we know
that the efficiency for quasi-static heat engine is strictly less than the Carnot value:

: 1 I T 1
lim 1 (73,) = lim k. (7,) < - (F101)

On the other hand, we also know from Lemma 6 that n?(p,,;) can only possibly achieve Carnot efficiency in the quasi-static
limit. In other words, for all other final states pl,; we know that Carnot efficiency cannot be achieved. Therefore, it suffices to
see that in the quasi-static limit,

. 2 <1 2 _ 1 1 _ 1 1 .
glj}%ﬁ (Tﬂf) > 313%7700(7'@) 3%7700(7—[9]6) ;13%77 (Tﬁf) <7nc (F102)

The second equality is obtained by noting that for any state pc,4 (and therefore for 74, ):
1. AC is the same for both expressions of efficiency 1l (ptq) and 1% (p¢aa)-
2. By Lemma 22, forall 0 < & < [1+ eBh(Ema"_Ef)]il, WL (5taa) = W2 (Peora)-

Hence, from Items 1 and 2, one concludes that 71, (p¢yq) = 12 (Péoa)- The third equality in Eq. (F102) comes directly from
Eq. (F101). 0
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